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Introduction
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“After seven years of existence, the GRA continues to explore the issues of risk
quantification.
Topics evolve, methods too. But our passion for research and publication remains
the same.
This allows us to build awareness and better share our work with the financial
community. Positive feedback is growing in number and our work is now indexed
to other publications. These are encouraging signs…
Our third booklet still demonstrates the perseverance of our work. It also reflects
the numerous questions we face daily and which we never tire of answering.
Enjoy the reading…”
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Back-testing of Expected Shortfall: Main challenges and methodologies

Abstract
In a context of an ever-changing regulatory environment over the last years,
Banks have witnessed the draft and publication of several regulatory
guidelines and requirements in order to frame and structure their internal Risk
Management.
Among these guidelines, one has been specifically designed for the risk
measurement of market activities. In January 2016, the Basel Committee on
Banking Supervision (BCBS) published the Fundamental Review of the
Trading Book (FRTB). Amid the multiple evolutions discussed in this paper,
the BCBS presents the technical context in which the potential loss estimation
has changed from a Value-at-Risk (VaR) computation to an Expected
Shortfall (ES) evaluation.
The many advantages of an ES measure are not to be demonstrated, however
this measure is also known for its major drawback: its difficulty to be backtested. Therefore, after recalling the context around the VaR and ES models,
this white paper will review ES back-testing findings and insights along many
methodologies; these have either been drawn from the latest publications or
have been developed by the Global Research & Analytics (GRA) team of
Chappuis Halder & Co.
As a conclusion, it has been observed that the existing methods rely on strong
assumptions and that they may lead to inconsistent results. The developed
methodologies proposed in this paper also show that even though the
ES97.5% metric is close to a VaR99,9% metric, it is not as easily back-tested
as a VaR metric; this is mostly due to the non-elicitability of the ES measure.

Keywords: Value-at-Risk, Expected Shortfall, Back-testing, Basel III, FRTB, Risk Management
EL Classification: C02, C63, G01, G21, G17
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Introduction
Following recent financial crises and their disastrous impacts on the industry, regulators are proposing
tighter monitoring on banks so that they can survive in extreme market conditions. More recently, the
Basel Committee on Banking Supervision (BCBS) announced a change in the Market Risk measure
used for Capital requirements in its Fundamental Review of the Trading Book (FRTB), moving from
the Value-at-Risk (VaR) to the Expected Shortfall (ES).
However, if the ES captures risks more efficiently than the VaR, it also has one main downside which
is its difficulty to be back-tested. This leads to a situation where banks use the ES to perform Capital
calculations and then perform the back-testing on a VaR. The focus for banks’ research is now to try to
find ways to back-test using the ES, as it can be expected that regulators will require so in a near-future.
This paper aims at presenting the latest developments in the field of ES back-testing methodologies and
introducing new methodologies developed by the Global Research & Analytics (GRA) team of
Chappuis Halder & Co.
First, a presentation of the context in which the back-testing of Expected Shortfall takes place will be
provided. This context starts with calculation and back-testing methodologies of the Value-at-Risk,
followed by a focus on the ES, analysing its calculation and how it defers from the previous risk measure.
The main issues of ES back-testing will then be exposed and discussed.
Second, back-testing methodologies for ES will be reviewed in detail, beginning with methodologies
that have already been presented in previous years and then with alternative ones introduced by the
research department of Chappuis Halder &Co.
Third, some of the alternative back-testing methodology will be simulated on a hypothetical portfolio
and a comparison of the methodologies will be conducted.

10
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1. Context
Recall that in January 2016, the Basel Committee on Banking Supervision (BCBS) issued its final
guidelines on the Fundamental Review of the Trading Book (FRTB). The purpose of the FRTB is to
cover shortcomings that both regulations and internal risk processes failed to capture during the 2008
crisis. It shows a strategic reversal and the acceptance of regulators for:
– a convergence between risk measurement methods;
– an integrated assessment of risk types (from a silo risk assessment to a more comprehensive risk
identification);
– an alignment between prudential and accounting rules.
One of the main requirements and evolutions of the FRTB is the switch from a Value-at-Risk (VaR) to
an Expected Shortfall risk measurement approach. Hence, Banks now face the paradox of using the ES
for the computation of their Market Risk Capital requirements and the Value-at-Risk for the backtesting. This situation is mainly due to the difficulty of finding an ES back-testing methodology that is
both mathematically consistent and practically implementable. However, it can be expected that
upcoming regulations will require banks to back-test the ES.
The following sections aim at reminding the existing Market Risk framework for back-testing, as most
of the presented notions must be understood for the following chapters of this article. The VaR will
therefore be presented at first, given that its calculation and back-testing lay the foundation of this paper.
Then, a focus will be made on the ES, by analysing its calculation and the way it defers from the VaR.
Finally, the main issues concerning the back-testing of this new measure will be explained. Possible
solutions will be the subject of the next chapter.

1.1. Value-at-Risk
1.1.1. VaR Definition
The VaR was first devised by Dennis Weatherstone, former CEO of J.P. Morgan, on the aftermath of
the 1987 stock market crash. This new measure soon became an industry standard and was eventually
added to Basel I Accord in 1996.
“The Value-at-Risk (VaR) defines a probabilistic method of measuring the potential loss in portfolio
value over a given time period and for a given distribution of historical returns. The VaR is expressed
in dollars or percentage losses of a portfolio (asset) value that will be equaled or exceeded only X percent
of the time. In other words, there is an X percent probability that the loss in portfolio value will be equal
to or greater than the VaR measure.
For instance, assume a risk manager performing the daily 5% VaR as $10,000. The VaR (5%) of $10,000
indicates that there is a 5% of chance that on any given day, the portfolio will experience a loss of
$10,000 or more.”
1

1

Financial Risk Management book 1, Foundations of Risk Management; Quantitative Analysis, page 23
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Figure 1 - Probability distribution of a Value-at-Risk with 95% Confidence Level and
1day Time Horizon (Parametric VaR expressed as with a Normal Law N(0,1))

Estimating the VaR requires the following parameters:
– The distribution of P&L – can be obtained either from a parametric assumption or from nonparametric methodologies using historical values or Monte Carlo simulations;
– The Confidence Level – the probability that the loss will not be equal or superior to the VaR;
– The Time Horizon – the given time period on which the probability is true.
One can note that the VaR can either be expressed in value ($, £, €, etc.) or in return (%) of an asset
value.
The regulator demands a time horizon of 10 days for the VaR. However, this 10 days VaR is estimated
from a 1-day result, since a N days VaR is usually assumed equal to the square root of N multiplied by
the 1-day VaR, under the commonly used assumption of independent and identically distributed P&L
returns.
𝑉𝑎𝑅∝ ,'()*+ = √𝑁 × 𝑉𝑎𝑅∝,0()*

1.1.2. Risk Measure Regulation
From a regulatory point of view, Basel III Accords require not only the use of the traditional VaR, but
also of 3 other additional measures:
•
•
•

Stressed VaR calculation;
A new Incremental Risk Charge (IRC) which aims to cover the Credit Migration Risk (i.e. the
loss that could come from an external / internal ratings downgrade or upgrade);
A Comprehensive Risk Measure for credit correlation (CRM) which estimates the price risk of
covered credit correlation positions within the trading book.

The Basel Committee has fixed parameters for each of these risk measures, which are presented in the
following table:
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Table 1 – Parameters for regulatory risk measures
VaR
99%
10 days

Stressed VaR
99%
10 days

Confidence Level
Time Horizon
Frequency of
Daily
Weekly
calculation
Historical Data 1 previous year 1 stressed year
Back-Test
Yes
No

IRC
99.9%
1 year

CRM
99.9%
1 year

-

-

-

-

1.1.3. VaR Calculation
VaR calculation is based on the estimation of the P&L distribution. Three methods are used by financial
institutions for VaR calculation: one parametric (Variance-Covariance), and two not parametric
(Historical and Monte-Carlo).
1. Variance-Covariance: this parametric approach consists in assuming the normality of the
returns. Correlations between risk factors are constant and the delta (or price sensitivity to
changes in a risk factor) of each portfolio constituent is constant. Using the correlation method,
the Standard Deviation (volatility) of each risk factor is extracted from the historical observation
period. The potential effect of each component of the portfolio on the overall portfolio value is
then worked out from the component’s delta (with respect to a particular risk factor) and that
risk factor’s volatility.
2. Historical VaR: this method is the most frequently used method in banks. It consists in applying
historical shocks on risk factors to yield a P&L distribution for each scenario and then compute
the percentile.
3. Monte-Carlo VaR: this approach consists in assessing the P&L distribution based on a large
number of simulations of risk factors. The risks factors are calibrated using historical data. Each
simulation will be different but in total the simulations will aggregate to the chosen statistical
parameters.
For more details about these three methods, one can refer to the Chappuis Halder & Co.’s white paper
on the Value-at-Risk.
Other methods such as “Exponentially Weighted Moving Average” (EWMA), “Autoregressive
Conditional Heteroskedasticity” (ARCH) or the “declined (G)ARCH (1,1) model” exist but are not
addressed in this paper.
2

1.1.4. VaR Back-Testing
As mentioned earlier, financial institutions are required to use specific risk measures for Capital
requirements. However, they must also ensure that the models used to calculate these risk measures are
accurate. These tests, also called back-testing, are therefore as important as the value of the risk measure
itself. From a regulatory point of view, the back-testing of the risk measure used for Capital requirements
is an obligation for banks.
However, in the case of the ES for which no sound back-testing methods have yet been found, regulators
had to find a temporary solution. All this lead to the paradoxical situation where the ES is used for
Capital requirements calculations whereas the back-testing is still being performed on the VaR. In its
Fundamental Review of the Trading Book (FRTB), the Basel Committee includes the results of VaR
back-testing in the Capital calculations as a multiplier.

2

Value-at-Risk: Estimation methodology and best practices.
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Financial institutions are required to back-test their VaR at least once a year, and on a period of 1 year.
The VaR back-testing methodologies used by banks mostly fall into 3 categories of tests: coverage tests
(required by regulators), distribution tests, and independence tests (optional).
Coverage tests: these tests assess if the number of exceedances during the tested year is consistent with
the quantile of loss the VaR is supposed to reflect.
Before going into details, it seems important to explain how this number of exceedances is computed.
In fact, each day of the tested year, the return of the day [t] is compared with the calculated VaR of the
previous day [t-1]. It is considered an exceedance if the t return is a loss greater than the t-1 VaR. At the
end of the year, the total number of exceedances during the year can be obtained by summing up all
exceedances occurrences.
The main coverage tests are Kupiec’s “proportion of failures” (PoF) and The Basel Committee’s Traffic
Light coverage test. Only the latter will be detailed here.
The Traffic Light coverage test dates back to 1996 when the Basel Committee first introduced it. It
defines “light zones” (green, yellow and red) depending on the number of exceedances observed for a
certain VaR level of confidence. The colour of the zone determines the amount of additional capital
charges needed (from green to red being the most punitive).
3

Table 2 - Traffic Light coverage test (Basel Committee, 1996), with a coverage of 99
Zone

Green

Yellow

Red

Exceptions
(out of 250)
0
1
2
3
4
5
6
7
8
9
10

Cumulative
probability
8.11%
28.58%
54.32%
75.81%
89.22%
95.88%
98.63%
99.60%
99.89%
99.97%
99.99%

Example: let’s say a bank chooses to back-test its 99% VaR using the last 252 days of data. It observes
6 exceedances during the year. The VaR measures therefore falls into the “yellow zone”. The back-test
is not rejected but the bank needs to add a certain amount of capital.
Distribution tests: these tests (Kolmogorov-Smirnov test, Kuiper’s test, Shapiro-Wilk test, etc.) look
for the consistency of VaR measures through the entire loss distribution. It assesses the quality of the
P&L distribution that the VaR measure characterizes.
Ex: instead of only applying a simple coverage test on a 99% quantile of loss, we apply the same
coverage test on different quantiles of loss (98%, 95%, 90%, 80%, etc.)
Independence tests: these tests assess some form of independence in a Value-at-Risk measure’s
performance from one period to the next. A failed independence test will raise doubts on a coverage or
distribution back-test results obtained for that VaR measure.
To conclude, in this section were presented the different methodologies used for VaR calculation and
back-testing. However, this risk measure has been widely criticized during the past years. Among the
different arguments, one can notice its inability to predict or cover the losses during a stressed period,

Kupiec (1995) introduced a variation on the binomial test called the proportion of failures (PoF) test. The PoF
test works with the binomial distribution approach. In addition, it uses a likelihood ratio to test whether the
probability of exceptions is synchronized with the probability “p” implied by the VaR confidence level. If the data
suggests that the probability of exceptions is different than p, the VaR model is rejected.
3
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the 2008 crisis unfortunately revealing this lack of efficiency. Also, its incapacity to predict the tail loss
(i.e. extreme and rare losses) makes it difficult for banks to predict the severity of the loss encountered.
The BCBS therefore decided to retire the well-established measure and replace it by the Expected
Shortfall. The following section will aim at describing this new measure and explain how it defers from
the VaR.

1.2. Expected Shortfall
The Expected Shortfall (ES), aka Conditional VaR (CVaR), was first introduced in 2001 as a more
coherent method than the VaR. The following years saw many debates comparing the VaR and the ES
but it’s not until 2013 that the BCBS decided to shift and adopt ES as the new risk measure.
In this section are presented the different methodologies of ES calibration and the main differences
between the ES and the VaR. Finally, an introduction of the main issues concerning the ES back-testing
will be made, which will be the focus of the following chapter.

1.2.1. ES Definition
FRTB defines the ES as the “expected value of those losses beyond a given confidence level”, over
certain time horizon. In other words, the t-ES gives the average loss that can be expected in t-days when
the returns are above the t-VaR.
For example, let’s assume a Risk Manager uses the historical VaR and ES. The observed 97.5% VaR is
$1,000 and there were 3 exceedances ($1,200; $1,100; $1,600). The calibrated ES is therefore $1,300.
Figure 2 – Expected Shortfall (97.5%) illustration
ES97,5

VaR97,5
1.2.2. ES Regulatory framework
The Basel 3 accords introduced the ES as the new measure of risk for capital requirement. As for the
VaR, the parameters for ES calculation are fixed by the regulators. The following table highlights the
regulatory requirements for the ES compared with those of the VaR.
Table 3 – Regulatory requirements for the ES and the VaR

Confidence Level
Time Horizon

VaR
99%
10 days

Expected Shortfall
97.5%
10 days

Frequency of calculation
Daily
Daily
Historical Data
1 previous year
1 stressed year
Back-Test
Yes
Not for the moment
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One can notice that the confidence level is lower for the ES than for the VaR. This difference is due to
the fact that the ES is systematically greater than the VaR and keeping a 99% confidence level would
have been overly conservative, leading to a much larger capital reserve for banks.

1.2.3. ES Calculation
The calibration of ES is based on the same methodologies as the VaR’s. It mainly consists in estimating
the right P&L distribution, which can be done using one of the 3 following methods: variancecovariance, historical and Monte-Carlo simulations. These methodologies are described in part 2.1.2.
Once the P&L distribution is known, the Expected Shortfall is calculated as the mean of returns
exceeding the VaR.
𝐸𝑆∝,3 (𝑋) = −

0
1
9 𝑃3;0 (𝑢)𝑑𝑢
1−∝ ∝

Where :
- X is the P&L distribution;
- t is the time point;
- ∝ is the confidence level;
- 𝑃3;0 (∝) is the inverse of the VaR function of X at a time t and for a given ∝ confidence level.
One must note that the ES is calibrated on a stressed period as it is actually a stressed ES in the FRTB.
The chosen period corresponds to the worst 250 days for the bank’s current portfolio in recent memory.

1.2.4. VaR vs. ES
This section aims at showing the main differences (advantages and drawbacks) between the VaR and
the ES. The following list is not exhaustive and will be summarized in Table 4:
•

Amount: given a confidence level X%, the VaR X% is always inferior to the ES X%, due to
the definition of ES as the mean of losses beyond the VaR. This is, in fact, the reason why the
regulatory confidence level changed from 99% (VaR) to 97.5% (ES), as banks couldn’t have
coped with such a high amount of capital otherwise.

•

Tail loss information: as mentioned earlier, one of the main drawbacks of the VaR is its
inability to predict tail losses. Indeed, the VaR predicts the probability of an event but does not
consider its severity. For example, a 99% VaR of 1 million predicts that during the following
100 days, 1 loss will exceed 100k, but it doesn’t make any difference between a loss of 1.1
million or 1 billion. The ES on the other hand is more reliable as it does give information on the
average amount of the loss than can be expected.

•

Consistency: the ES can be shown as a coherent risk measure contrary to the VaR. In fact, the
VaR lacks a mathematical property called sub-additivity, meaning the sum of risk measures
(RM) of 2 separate portfolios A and B should be equal or greater than the risk measure of the
merger of these 2 portfolios.
𝑅𝑀? + 𝑅𝑀A ≥ 𝑅𝑀?CA
However, in the case of the VaR, one can notice that it does not always satisfy this property
which means that in some cases, it does not reflect the risk reduction from diversification effects.
Nonetheless, apart from theoretical cases, the lack of sub-additivity of the VaR rarely seems to
have practical consequences.

•

Stability: the ES appears to be less stable than the VaR when it comes to the distribution. For
fat-tailed distributions for example, the errors in estimating an ES are much greater than those
of a VaR. Reducing the estimation error is possible but requires increasing the sample size of
the simulation. For the same error, an ES is costlier than the VaR under a fat-tailed distribution.
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•

Cost / Time consumption: ES calibration seems to require more time and data storage than the
VaR’s. First, processing the ES systematically requires more work than processing the VaR
(VaR calibration being a requirement for ES calculation). Second, the calibration of the ES
requires more scenarios than for the VaR, which means either more data storage or more
simulations, both of which are costly and time consuming. Third, most banks don’t want to lose
their VaR framework, having spent vast amount of time and money on its development and
implementation. These banks are likely to calculate the ES as a mean of several VaR, which
will heavily weigh down calibration time.

•

Facility to back-test: one of the major issue for ES is its difficulty to be back-tested. Research
and financial institutions have been exploring this subject for some years now but still struggle
to find a solution that is both mathematically consistent and practically implementable. This
difficulty is mainly due to the fact that ES is characterised as “model dependant” (contrary to
the VaR which is not). This point is to be explained in the following section.

•

Elicitability: The elicitability corresponds to the definition of a statistical measure that allows
to compare simulated estimates with observed data. The main purpose of this measure is to
assess the relevance and accuracy of the model used for simulation. To achieve this, one will
introduce a scoring function S(x, y) which is used to evaluate the performance of x (forecasts)
given some values on y (observations). Examples of scoring functions are squared errors where
S(x, y) = (x−y)² and absolute errors where S(x, y) = |x − y|. Given this definition and due to the
nature of the Expected Shortfall, one will understand that the ES is not elicitable since there is
no concrete observed data to be compared to the forecasts.
Table 4 - VaR versus ES: main advantages and drawbacks
VaR

Amount

P

Tail loss information O

ES
Originally greater than the VaR, but
P change of regulatory confidence level
from 99% to 97.5%
Does not give information
Gives the average amount of the loss
P
on the severity of the loss
that can be expected
Lack of sub-additivity:
P
Consistent
VaR1+2 > VaR1 + VaR2
Less stable: the estimation error can
Relatively stable
O
be high for some distribution

Consistency

O

Stability

P

Cost / Time
consumption

P

-

Facility to back-test

P

Easy to back-test

Elicitability

P

Is elicitable

O

Always greater than the VaR's

Difficult to back-test due mainly due
O to the fact that the back-testing of ES
is model dependant
O
Isn’t elicitable

1.2.5. ES Back-Testing
As mentioned above, the main issue with the ES is its difficulty to be back-tested. Although research
and institutions have already been searching for solutions to this issue for more than 10 years now, no
solution seems to satisfy both mathematical properties and practical requirements. Moreover, following
the FRTB evolution and its change from VaR to ES for Capital requirements, it has become a priority
to be consistent in the use of risk measure (i.e. using the same measure for both Capital calculations and
back-testing).
One can wonder why the ES is so difficult to back-test. The main issue is due to the fact that ES backtesting is characterized as model dependent, unlike the VaR which is model independent. Both notions
will be described in the following paragraphs.
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Let’s consider the traditional VaR back-testing and why it is not applicable to the ES. When back-testing
VaR, one would look each day at the return “t” to see if it exceeded the VaR[t-1]. The number of
exceedances, corresponding to the sum of exceedance occurrences, would then be compared to the
quantile the VaR is supposed to reflect.
If one considers that the P&L distribution is likely to change over time, the VaR levels, to which the
returns are compared with, also change over time. One would therefore look at the number of
exceedances over a value that possibly changes every day. To illustrate this point, the exact same return
could be considered as an exceedance one day, and not on another day.
When back-testing the VaR, although the reference value (i.e. the VaR) changes over time, calculating
the total number of exceedances still makes sense as one can find convergence of the results. This
mathematical property characterizes the VaR back-testing as model independent: results are still
consistent when the P&L distribution changes during the year.
In the case of the ES however, one would not only look at the number of exceedances but also their
values. This additional information complicates the task as there is no convergence when looking at the
mean of the exceedances. To make sense, the P&L distribution (or more exactly the VaR) should remain
constant during the time horizon. The back-testing of ES is therefore characterized as model dependent.
The characterization of ES back-testing as model dependent is one of the main issue that financial
institutions experience. Unlike the VaR, they cannot only compare the theoretical ES with the observed
value at the end of the year since in most cases the later value does not make sense.
This constraint, combined with limitations in both data storage and time-implementation, makes it
difficult for financial institutions and researchers to find new ways to back-test the ES.
The following section aims at presenting the main results and findings of the last 10 years of research
and presents alternative solutions introduced by the Global Research & Analytics team of Chappuis
Halder & Co.
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2. ES Back-Testing
As mentioned earlier, the purpose of this chapter is to present the latest developments in terms of ES
back-testing methodologies and to introduce new methodologies developed by the Global Research &
Analytics (GRA) team of Chappuis Halder & Co.

2.1. Existing Methods
2.1.1. Wong’s Saddle point technique
Wong (2008) proposed a parametric method for the back-testing of the ES. The purpose of the
methodology is to find the probability density function of the Expected Shortfall, defined as a mean of
returns exceeding the VaR. Once such distribution is found, one can find the confidence level using the
Lugannani and Rice formulas, which provide the probability to find a theoretical ES inferior to the
sample (i.e. observed) ES. The results of the back-test depend on this “p-value”: given a confidence
level of 95%, the p-value must be at least superior to 5% to accept the test.
The method relies on 2 major steps:
1. Inversion formula: find the PDF knowing the moment-generating function
2. Saddle point Technique to approximate the integral
Figure 3 - Overview of Wong's Approach

The ideas of the parametric method proposed by Wong (2008) are as follows. Let 𝑅 = {𝑅0 , 𝑅E , 𝑅F … }
be the portfolio returns which has predetermined CDF and PDF denoted by f and 𝑓 respectively. We
denote by q = f;0 (𝛼 ) the theoretical α-quantile of the returns.
The statistic used to determine the observed expected shortfall is the following:
𝐸𝑆'L = −𝑋M = −

N

T
3U0
T

N

𝑅3 𝐼{PQRS}

3U0

𝐼{PQ RS}

Where 𝐼 {VRS} is the logical test whether the value x is less than the 𝑉𝑎𝑅L = 𝑞
The purpose of this method is to analytically estimate the density of this statistic and then see where is
positioned the observed value with respect to this density.
Are denoted by 𝑛, the realized quantity N

T

𝐼{PQRS} which is the number of exceedances observed in

3U0

our sample, and 𝑋𝑡 the realised return exceedances below the 𝛼-quantile q. The observed expected
shortfall is then:
∑^ 𝑋
Z'L = −𝑥̅ = − 3U0 3
𝐸𝑆
𝑛
Reminder of the moment-generating function:
The moment-generating function (MGF) provides an alternative way for describing a random variable,
which completely determines the behaviour and properties of the probability distribution of the random
variable X:
𝑀_ (𝑡) = 𝔼[𝑒 3_ ]
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The inversion formula that allows to find the density once we have the MGF is the following:
𝑓_ (𝑡) =

1 i ;fg3
9 𝑒
𝑀_ (𝑖𝑢)𝑑𝑢
2𝜋 ;i

(1.1)

One of the known features of the moment-generating function is the following:
𝑀_ (𝛼𝑋 + 𝛽𝑌) = 𝑀_ (𝛼𝑡) ∙ 𝑀m (𝛽𝑡)

(1.2)

PROPOSITION 1:

Let 𝑋 be a continuous random variable with a density 𝛼 ;0 𝑓 (𝑥), 𝑥 ∊ (−∞, 𝑞). The moment generating
function of 𝑋 is then given by:
𝑀_ (𝑡) = 𝛼 ;0 𝑒𝑥𝑝(𝑡 E ⁄2)𝑓(𝑞 − 𝑡)

(1.3)

and its derivatives with respect to 𝑡 are given by:
𝑀_r (𝑡) = 𝑡 ∙ 𝑀_ (𝑡) − 𝛼 ;0 ∙ 𝑒𝑥𝑝(𝑞𝑡) ∙ 𝑓 (𝑞)

(1.4)

𝑀_rr (𝑡) = 𝑡 ∙ 𝑀_r (𝑡) + 𝑀_ (𝑡) − 𝑞 𝛼 ;0 ∙ 𝑒𝑥𝑝(𝑞𝑡) ∙ 𝑓(𝑞)

(1.5)

(s)
(s;0)
(𝑡) + (𝑚 − 1)𝑀_(s;0) (𝑡) − 𝑞s;0 𝛼 ;0 ∙ 𝑒𝑥𝑝(𝑞𝑡) ∙ 𝑓 (𝑞)
𝑀_ (𝑡) = 𝑡 ∙ 𝑀_

(1.6)

where 𝑚 ≥3
Using these, we can also show that the mean and variance of 𝑋 can be obtained easily:
𝑓(𝑞)
𝜇_ = 𝔼[𝑋] = −
𝛼
(
𝑞𝑓
𝑞)
𝜎_E = 𝑣𝑎𝑟[𝑋] = 1 −
− 𝜇_E
𝛼
The Lugannani and Rice formula
Lugannani and Rice (1980) provide a method which is used to determine the cumulative density function
of the statistic 𝑋M (1.1).
It is supposed that the moment-generating function of the variable 𝑋3 = 𝑅3 𝐼{PQRS} is known. Using the
3

}

property (1.2), one can compute 𝑀yz (𝑡) = {𝑀_ |}~• and via the inversion formula will obtain:
}

1 i ;f3€
𝑡
𝑛 i }(ƒ[f3];f3€)
9 𝑒
9 𝑒
𝑓yz (𝑥) =
•𝑀_ {𝑖 •‚ 𝑑𝑡 =
𝑑𝑡
2𝜋 ;i
𝑛
2𝜋 ;i
where 𝑓yz (𝑥) denotes the PDF of the sample mean and 𝐾[𝑡] = 𝑙𝑛 𝑀_ [𝑡] is the cumulative-generating
function of 𝑓_ (𝑥). Then the tail probability can be written as:
‡

𝑃(𝑋M > 𝑥̅ ) = 9 𝑓yz (𝑡)𝑑𝑡 =
€̅

ΩCfi
1
𝑑𝑡
9
𝑒 }(ƒ[3];3€̅ )
2𝜋 𝑖 Ω;fi
𝑡

where Ω is a saddle-point satisfying:
4

𝐾 r (Ω) = 𝑥̅

(1.9)

In mathematics, a saddle point or minimax point is a point on the surface of the graph of a function where the
slopes (derivatives) of orthogonal function components defining the surface become zero (a stationary point) but
are not a local extremum on both axes.
4
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The saddle-point is obtained by solving the following expression deduced from (1.4) and (1.5):
𝐾 r (Ω) =

𝑀r (Ω)
𝑓(𝑞)
= Ω − exp(𝑞Ω − ΩE ⁄2)
= 𝑥̅
𝑀(Ω)
f(q − Ω)

(1.10)

Finally, Lugannani and Rice propose to approximate this integral as follows:
PROPOSITION 2:

Let Ω be a saddle-point satisfying the equation (1.9) and define:
𝜖 = Ω Š𝑛𝐾 rr (Ω)
Z'L − 𝐾(Ω)~
𝛿 = 𝑠𝑔𝑛(Ω)Ž2𝑛 |Ω𝐸𝑆
where 𝑠𝑔𝑛 (Ω) equals to zero when Ω = 0, or takes the value of 1/(−1) when Ω < 0/(Ω > 0).
Then the tail probability of 𝑥̅ less than or equal to the sample mean 𝑥̅ is given by
1 1
f(𝛿 ) − 𝑓(𝛿 ) ∙ • − + 𝑂˜𝑛;F⁄E ™‚ 𝑓𝑜𝑟 𝑥̅ < 𝑞 𝑎𝑛𝑑 𝑥̅ ≠ 𝜇_
𝜖 𝛿
1
𝑓𝑜𝑟 z𝑥 > 𝑞
𝑃 (𝑋M ≤ 𝑥̅ ) =
(F) ( )
𝐾
0
⎨ 1
−
+
+ 𝑂˜𝑛;F⁄E ™
𝑓𝑜𝑟 𝑥̅ = 𝜇_
⎪
2
⎪
F
6Ž2𝜋𝑛˜𝐾 rr (Ω)™
⎩
⎧
⎪
⎪

Z'L and carry
Once the tail probability is obtained, one can compute the observed expected shortfall 𝐸𝑆
out a one-tailed back-test to check whether this value is too large. The null and alternative hypotheses
can be written as:
H0:

ZL = MMMMM
𝐸𝑆
𝐸𝑆'L
'

versus H1:

ZL > MMMMM
𝐸𝑆
𝐸𝑆'L
'

where MMMMM
𝐸𝑆'L denotes the theoretical expected shortfall under the null hypothesis.
The p-value of this hypothesis test is simply given by the Lugannani and Rice formula as
𝑝¬)-g® = 𝑃(𝑋M ≤ 𝑥̅ )
Example:
For a portfolio composed of one S&P500 stock, it is assumed that the bank has predicted that the daily
P&L log-returns are i.i.d and follow a normal distribution calibrated on the observations of the year
2014. Then all the observations of the year 2015 are normalised so one can consider that the sample
follows a standard normal distribution 𝒩 (0,1). Using Wong’s method described above, the steps to
follow in order to back-test the 𝐸𝑆 under these assumptions and with 𝛼 = 2.5% are:
1.
2.
3.
4.

Calculate the theoretical 𝛼-quantile: 𝑞 = −f;0 (2.5%) = 1.96
Calculate the observed ES of the normalized log-returns of 2015: 𝑋M = −2.84, 𝑛 = 19
Solve the equation (1.10) to find the saddle-point: Ω = −3.23
Calculate 𝐾[Ω] and 𝐾 rr [Ω] where

–

𝐾 rr [t] = (3

–

In our case, we found: 𝐾[Ω] = 8.80 and 𝐾 rr [Ω] = 2.49

( ¦§ (3)
¦(3)

=

¦§§ (3)¦(3);¦§ (3)¨
¦(3)¨
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Z'L and compare to the level of confidence tolerated by the
5. Calculate the tail probability of 𝐸𝑆
Z'L ™~0
𝑝¬)-g® test: 𝑃˜𝐸𝑆'L ≤ 𝐸𝑆
In this example, the null hypothesis is rejected. Not only does it show that the movements of 2015 cannot
be explained by the movements of 2014, but it also shows that the hypothesis of a normal distribution
of the log-returns is not likely to be true.

2.1.2. Righi and Ceretta
The method of Righi and Ceretta is less restrictive than Wong’s one in the sense that the law of the
returns may vary from one day to another. However, it requires the knowledge of the truncated
distribution below the negative VaR level.
Figure 4 - Righi and Ceretta - Calculating the Observed statistic test

Figure 5 - Righi and Ceretta - Simulating the statistic test
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Figure 6 - Righi and Ceretta – Overview

In their article, they consider that the portfolio log-returns follow generalized autoregressive conditional
heteroscedastic ˜𝐺𝐴𝑅𝐶𝐻(𝑝, 𝑞)™ model, which are largely applied in finance:
𝑟3 = 𝜇3 + 𝜀3 ,

𝜀3 = 𝜎3 𝑧3

𝜎3 E = ω + N 𝜌f 𝜀3;f E + N 𝛽¹ 𝜎3;¹ E
¸

‡

where 𝑟3 is the log-return, 𝜇3 is the conditional mean, 𝜎3 is the conditional variance and 𝜀3 is the shock
over the expected value of an asset in period t; 𝜔, 𝜌 and 𝛽 are parameters; 𝑧3 represents the white noise
series which can assume many probability distribution and density functions denoted respectively 𝐹3
and 𝑓3 .
The interest behind using this model is mainly the fact that we can easily predict the truncated
distribution properties, mainly the 𝛼 − quantile/ES:
𝑄L,3 = 𝜇3 + 𝜎3 𝐹 ;0 (𝛼 )
𝐸𝑆3 = 𝜇3 + 𝜎3 𝔼[𝑧3 |𝑧3 < 𝐹 ;0 (𝛼 )]

(2.1)

But one can also calculate the dispersion of the truncated distribution as follows:
𝑆𝐷3 = Ž𝑉𝑎𝑟˜𝜇3 + 𝜎3 𝑧3 Æ𝑧3 < 𝐹 ;0 (𝛼 )™ = 𝜎3 Ž𝑉𝑎𝑟˜𝑧3 Æ𝑧3 < 𝐹 ;0 (𝛼 )™

(2.2)

The ES and SD are mainly calculated via Monte-Carlo simulations. In some cases, it is possible to have
their parametric formulas:
1. Case where 𝒛𝒕 is normal |
It is assumed that 𝑧3 is a standard Gaussian noise 𝒩(0,1) , which is a very common case. The
expectation of the truncated normal distribution is then:
𝑓 (𝑄)
𝔼[𝑧3 |𝑧3 < 𝑄] =
𝐹 (𝑄)
substituting this expression in the equation of (2.1), it is obtained:

𝐸𝑆3 = 𝜇3 + 𝜎3

𝑓 |𝐹 ;𝟏 (𝛼 )~
𝛼

The variance of a truncated normal distribution below a value 𝑄 is given by:
𝑓(𝑄)
𝑓(𝑄) E
𝑉𝐴𝑅[𝑧3 |𝑧3 < 𝑄] = 1 − 𝑄
−{
•
𝐹(𝑄)
𝐹(𝑄)
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Substituting this expression in the variance term of the formula (2.2), it is deduced:

𝑆𝐷3 = 𝜎3 ∙ Ê1 − 𝐹 ;0 (𝛼 )

𝑓(𝐹

;0 (

𝛼 ))

𝛼

−•

𝑓(𝐹

;0 (

𝛼 ))

𝛼

0
E E

‚ Ë

2. Case where 𝒛𝒕 follows a Student’s distribution |
It is assumed that 𝑧3 is a Student’s 𝑡 distributed random variable with 𝑣 degrees of freedom. One can
show that the truncated expectation is as follow:
1+𝑣
𝑄E
E
Ì𝑄
𝔼[𝑧3 |𝑧3 < 𝑄] =
𝐺𝐻 •
, 1; 2; − ‚Î
𝑣 1
2
2
2√𝑣 𝐹(𝑄)𝛽 |2 , 2~
substituting this expression in the expectation of (1), it is obtained:
1

𝐸𝑆3 = 𝜇3 + 𝜎3 Ï

1
𝑣 1
2√𝑣𝛼 ∙ 𝛽 |2 , 2~

Ì𝐹 ;0 (𝛼 )E 𝐺𝐻 •

1+𝑣
𝐹 ;0 (𝛼 )E
, 1; 2; −
‚ÎÐ
2
2

where 𝛽 (∙,∙) and 𝐺𝐻(∙ , ∙ ; ∙ ; ∙) are the Beta and Gauss hyper geometric functions conform to:
0

𝛽(𝑎, 𝑏) = 9 𝑢);0 (1 − 𝑢)Ò;0 𝑑𝑢
Ó

i

𝐺𝐻(𝑎, 𝑏; 𝑐; 𝑧) = N
ÕUÓ

(𝑎)Õ (𝑏)Õ 𝑧 Õ
(𝑐)Õ 𝑘!

Where (∙)Õ denotes the ascending factorial.
Similarly, for the standard normal SD, it is deduced from the variance of a truncated Student’s t
distribution:
1
1 + 𝑣 3 5 𝑄E
𝑉𝐴𝑅[𝑧3 |𝑧3 < 𝑄] =
QF 𝐺𝐻 •
, ; ;− ‚
𝑣 1
2 2 2
2
3√𝑣𝐹 (𝑄)𝛽 |2 , 2~
Again, substituting this variance term in (2.2), one will obtain an analytical form of the standard
deviation of the truncated distribution:
;0 (

0
E

1+𝑣 3 5
𝐹 𝛼
𝐹 ;0 (𝛼 )F 𝐺𝐻 •
, ; ;−
‚Ú
𝑣 1
2 2 2
2
3√𝑣𝛼 ∙ 𝛽 | , ~
2 2
Once the ES and SD are expressed and computed, for each day in the forecast period for which a
violation in the predicted Value at Risk occurs, the following test statistic is defined:
𝑆𝐷3 = 𝜎3 ∙ Ù

1

)E

𝐵𝑇3 =
𝐻𝑇 =

𝑟3 − 𝐸𝑆3
𝑆𝐷3
𝑧3 − 𝔼[𝑧3 |𝑧3 < 𝑄]

(2.3)

Š𝑉𝐴𝑅 [𝑧3 |𝑧3 < 𝑄]

(2.4)

Where 𝑧3 is the realisation of the random variable 𝑍3 (in the Garch process, it is supposed that 𝑍3 is iid
but it is not necessarily the case).
The idea of Righi and Ceretta is to see where the value of 𝐵𝑇3 is situated with respect to the “error”
Þ ;𝔼[ÞQ |ÞQ Rß]
distribution of the estimator 𝐻𝑇 = Q
by calculating the probability ℙ(𝐻𝑇 < 𝐵𝑇3 ) and then
Šà?P [ÞQ |ÞQ Rß]
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take the median (or eventually the average) of these probabilities over the time as a p-value over a certain
confidence level 𝑝.
They propose to calculate this distribution using Monte-Carlo simulations following this algorithm:
1) Generate 𝑁 times a sample of 𝑛 − 𝑖𝑖𝑑 random variable 𝑢f¹ under the distribution 𝐹, 𝑖 =
1, … , 𝑛; 𝑗 = 1, … , 𝑁;
2) Estimating for each sample the quantity 𝔼ã𝑢f¹ |𝑢f¹ < 𝑞˜𝑢f¹ ™ä and 𝑉𝐴𝑅ã𝑢f¹ |𝑢f¹ < 𝑞˜𝑢f¹ ™ä
where 𝑞˜𝑢f¹ ™ is the 𝛼-th worst observation over the sample 𝑢f¹
3) Calculate for each realisation 𝑢f¹ , the quantity ℎf¹ =

gæç ;𝔼ãgæç |gæç R‡˜gæç ™ä
Žà?Pãgæç |gæç R‡˜gæç ™ä

which is a realisation

of the random variable 𝐻𝑇 defined above.
4) Given the actual 𝐵𝑇3 , estimate ℙ(𝐻3 < 𝐵𝑇3 ) using the sample ℎf¹ as an empirical distribution
of 𝐻3
5) Determine the test p-value as the median of ℙ(𝐻3 < 𝐵𝑇3 ) and compare the value to the test
level fixed at 𝑝.
The methodology has been applied on the test portfolio of the normalized daily returns for the 2014 to
2015 year. The results, where 𝑧3 is a standard Gaussian noise 𝒩(0,1), are the following:
Table 5 Summary of the Righi and Ceretta implementation

For the test value of a fixed level at 97.5%, the Righi and Ceretta methodology gives satisfactory results
with a pass for both the median and mean computations. Finally, one can conclude that this
methodology is acceptable, nevertheless it relies on a parametric assumption that may not fit the
portfolio, which is not captured by the test statistics.
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In the table below are displayed the exceedance rates and the associated test statistics:
Table 6 Exceedance rates and test statistics of the portfolio
Exceedance # Exceedance Value Test statistic P(Ht<Bt)
1
2
3
4
5
6
7
8
9
10
11
12

-2,128
-2,128
-2,304
-1,996
-2,361
-2,879
-2,831
-3,082
-3,077
-2,681
-2,396
-2,014

1,179
1,180
0,606
1,610
0,420
-1,270
-1,111
-1,930
-1,916
-0,623
0,360
1,550

2,4%
2,9%
1,7%
4,3%
1,4%
0,3%
0,4%
0,2%
0,2%
0,6%
1,3%
4,1%

2.1.3. Emmer, Kratz and Tasche
The method presented by Emmer and al. (2013) consists in replacing the ES back-testing with a VaR
back-testing. This substitution relies on the approximation of the ES as a mean of several VaR levels,
according to the following formula:
';0

0
1
1
9 𝑉𝑎𝑅g 𝑑𝑢 = lim
N 𝑉𝑎𝑅
𝐸𝑆∝ =
0;∝
∝CÕ|
~
'→Ci 𝑁
1−∝ ∝
'
ÕUÓ

1
≈ {𝑉𝑎𝑅∝ + 𝑉𝑎𝑅 0;∝ + 𝑉𝑎𝑅
0;∝ + 𝑉𝑎𝑅
0;∝ + 𝑉𝑎𝑅
0;∝ •
∝C
∝CE∙
∝CF∙
∝Cì∙
5
ë
ë
ë
ë
Hence, assuming α=97.5%, the formula becomes:
1
𝐸𝑆íî.ë% = (𝑉𝑎𝑅íî.ë% + 𝑉𝑎𝑅íï% + 𝑉𝑎𝑅íï.ë% + 𝑉𝑎𝑅íí% + 𝑉𝑎𝑅íí.ë% )
5
Therefore, by back-testing the different VaR 97.5%, 98%, 98.5%. 99% and 99.5% one should complete
the back-testing of ES. If all these levels of VaR are validated, then the ES should be considered as well.
However, this methodology has many drawbacks since one should determine an appropriate N that
ensures that the average VaR converges to the ES, otherwise it would imply too many uncertainties in
the approximation. Given the value of N, the tests could not be implemented due to high computation
time (calculation of N different VaRs). For instance, in the Emmer and al. proposal, it is assumed that
the convergence is obtained for N=5 which explains the means performed on 5 Value-at-Risk.
Finally, one should also propose an adapted traffic light table since it may be not relevant or too
restrictive to require a pass on all the VaR levels.

2.1.4. Summary of the methods
In this section, it is summarised the three different methods in term of application and implementation
as well as their drawbacks:
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1. Wong’s method |
Figure 7 - Summary of Wong’s methodology

2. Righi and Ceretta Method |
Figure 8 - Summary of Righi and Cereta’s methodology
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3. Emmer, Kratz and Tasche Method |
Figure 9 - Summary of Emmer, Kratz and Tasche’s methodology

2.2. Alternative Methods
In the following sections are presented alternative methods introduced by the Global Research &
Analytics (GRA) department of Chappuis Halder &Co.
First of all, it is important to note that some of the following methods rely on a major hypothesis, which
is the consistency of the theoretical VaR for a given period of time. This strong – and not often met assumption is due to the use of what is called “observed ES”.
The observed ES reflects the realised average loss (above the 97.5% quantile) during a 1-year time
period as illustrated in the below formula:
∑EëÓ
3U0 𝑋3C0 𝐼(𝑋3C0 > 𝑉𝑎𝑅3 )
𝐸𝑆ðÒ+ =
𝑁
Where 𝑋3 corresponds to the return day 𝑡 and 𝑁 is the number of exceedances during the year (𝑁 =
∑EëÓ
3U0 𝐼(𝑋3C0 > 𝑉𝑎𝑅3 ) with 𝐼 the identity function) .
However, this value only makes sense as long as the theoretical VaR (or more broadly the P&L
distribution used for calibration) doesn’t change during this time period. Should the opposite occur, one
would look at the loss beyond a level that changes with time, and the average of these losses would lose
any meaning.
5

2.2.1. ES Benchmarking
This method focuses on the distance 𝐸𝑆3ñ − 𝐸𝑆ðÒ+ between the theoretical ES (obtained by calibration)
and the observed ES (corresponding to realised returns). The main goal of this methodology is to make
sure the distance 𝐸𝑆3ñ − 𝐸𝑆ðÒ+ (back-testing date) is located within the confidence interval. This
interval can be found by recreating a distribution from historical values. The output of the back-test
depends on the position of the observed distance: if the value is within the interval, the back-test is
accepted, otherwise it is rejected.

As mentioned in part 2.1.1, VaR is calculated with a 1-day time horizon. Therefore, the return that is compared
to the VaR[t] is the return X[t+1]
5
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The historical distribution is based on 5 years returns (i.e. 5*250 values). For each day of these 5 years,
the distance 𝐸𝑆3ñ − 𝐸𝑆ðÒ+ , 𝐸𝑆3ñ and 𝐸𝑆ðÒ+ is calculated as described in the introduction of this section.
The 1,250 values collected can therefore be used to build a distribution that fits historical behaviour.
Figure 10 - Illustration of ES Benchmarking Methodology

One of the main downside of the methodology is that it relies on the notion of observed ES. However,
as mentioned earlier, this particular value requires a constant VaR, which is not often met in reality.
Finally, once the confidence interval is obtained, one can used it in order to back-test the simulated ES
on the future back-testing horizon.

2.2.2. Bootstrap
This methodology focuses on the value of the observed ES. As for the previous methodology, the goal
of this method is to verify that the observed ES is located within the confidence interval. The latest can
be found by recreating a distribution from historical values using the bootstrap approach which is
detailed below. The output of the test depends on the position of the observed ES (back-testing date): if
the value is in the interval, the back-test is accepted, otherwise it is rejected.
In this methodology, the bootstrap approach is used to build a more consequent vector of returns in order
to find the distribution of the ES as the annual mean of returns exceeding the VaR. This approach
consists in simulating returns, using only values from a historical sample. The vector formed by all
simulated values therefore only contains historical data that came from the original sample.
The overall methodology relies in 3 steps as illustrated in Figure 11:
1. The sample vector is obtained and contains the returns of 1-year data;
2. Use of the bootstrap method to create a bigger vector, filled only with values from the sample
vector. This vector will be called the “Bootstrap Vector;
3. The final vector, used for compiling the distribution, is obtained by selecting only returns
exceeding the VaR from the bootstrap vector;
4. The distribution can be reconstructed, using the final vector.
Figure 11 - Illustration of Bootstrap Methodology
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2.2.3. Quantile Approaches
Whereas the Expected Shortfall is usually expressed as a value of the loss (i.e. in £, $, etc.), the two
methodologies Quantile 1 and Quantile 2 choose to focus on the ES as a quantile, or a probability value
of the P&L distribution. The two methods differ in the choice of the quantile adopted for the approach.
The following paragraphs describe the two different options for the choice of the quantile.
Quantile 1
This methodology focuses on the quantile of the observed ES (back-testing date), in other words the
answer to the question: “which probability is associated to the value of a specific Expected Shortfall in
the P&L distribution?”
One must notice that this quantile is not the confidence level of the Expected Shortfall. Indeed, let’s take
a confidence level of 97.5% as requested by the regulation. It is possible to estimate an observed VaR
and therefore an observed ES as a mean of returns exceeding the VaR. The observed quantile can be
found by looking at the P&L distribution and spotting the probability associated to the ES value. The
ES being strictly greater than the VaR, the quantile will always be strictly greater than 97.5%.
Figure 12 - Calculation of the Quantile Q1

Quantile 2
This methodology looks at the stressed-retroactive quantile of the observed ES (back-testing date), that
is to say the answer to the question: “To which quantile correspond the observed ES at the time of the
back-testing if it was observed in the reference stressed period used for calibration?”
Figure 13 - Calculation of the quantile Q2

Back-testing methodology
Once the choice of the quantile computation is done, the approach is the same for the two
methodologies: it consists in verifying that the calculated quantile at the date of the back-testing is
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located in the confidence interval obtained from a reconstructed historical distribution. If the quantile is
within the confidence interval, the back-test is accepted, otherwise it is rejected.
The distribution is obtained using the same framework as for the ES Benchmarking methodology (see
Section 2.2.1). The quantile is computed each day over 5 years (for the first method the observed quantile
and for the second one, the stressed-retroactive quantile). Those 1,250 values are used to build a
historical distribution of the chosen quantile and the confidence interval immediately follows.
Figure 14 - Illustration of the Quantile 1 Methodology

2.2.4. Summary of the methods
ES Benchmarking |
Figure 15- Summary of the ES Benchmarking methodology
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Quantile method |
Figure 16 - Summary of the Quantile methodology

Bootstrap method |
Figure 17 - Summary of the Bootstrap methodology
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3. Applications of the ES methodology and back-testing
3.1. ES simulations
In this section, the back-testing approaches presented in the 2.2 section have been applied on
simulations of the S&P 500 index . Indeed, instead of performing back-testing on parametric
distributions; it has been decided to perform a back-testing exercise on simulated values of an equity
(S&P 500 index) based on Monte Carlo simulations. The historic levels of the S&P 500 are displayed
in Figure 18 below:
6

Figure 18 - S&P 500 Level – From January 2011 to December 2015

A stochastic model has been used in order to forecast the one-day return of the stock price which has
been compared to the observed returns. The stochastic model relies on a Geometric Brownian Motion
(hereafter GBM) and the simulations are done with a daily reset as it could be done in a context
of Market Risk estimation.
The stochastic differential equation (SDE) of a GBM in order to diffuse the stock price is as follows:
𝑑𝑆 = 𝑆(𝜇𝑑𝑡 + 𝜎𝑑𝑊 )
And the closed form solution of the SDE is:
𝑆(𝑡) = 𝑆 (0)𝑒
Where:
−
−
−
−
−

õ¨
ó{ô; •3Cõö(3)÷
E

S is the Stock price
𝜇 is the expected return
𝜎 is the standard deviation of the expected return
𝑡 the time
𝑊(𝑡) is a Brownian Motion

Simulations are performed on a day-to-day basis over the year 2011 and 1,000 scenarios are produced
per time points. Therefore, thanks to these simulations, it is possible to compute a one-day VaR
as well as a one-day ES of the return which are then compared to the observed return price.

99%

97.5%

The time period and data selected (from January 2011 to December 2015) is arbitrary and one would obtain
similar results and findings with other data.
6
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Both VaR and ES are computed as follows:

𝐸𝑆íî.ë% (𝑡) =
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‚
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𝑆 (𝑡) − 𝑆ðÒ+ (𝑡 − 1)
∑}fU0 { +fs
• I úûæü (3); úýþû (3;0)
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Where n is the total number of scenarios per time point t.
The figure below shows the results of our simulations and computations of the VaR and ES :
99%

97.5%

Figure 19 - Observed returns vs. simulations – From January 2011 to January 2012

Figure 19 shows that in comparison to the observed daily returns, the VaR and the ES gives the same
level of conservativeness. This is further illustrated with Figure 20 where it is observed that the level of
VaR and Expected shortfall are close.
99%

Figure 20 – Comparison of the VaR with the ES
to January 2012
99 %

9 7 .5 %

97,5%

- From January 2011
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When looking at Figure 20, one can notice that the ES doesn’t always lead to more conservative results
in comparison to the VaR . This is explained by the fact that the ES is the mean of the values above the
VaR , consequently and depending on the Monte Carlo simulations it is realistic to observe ES
slightly below the VaR .
Finally, when looking at the simulations, one can conclude that both risk measures are really close.
Indeed the distribution of the spread between the simulated VaR and the ES (see Figure 21 below); it
is observed that 95% of the spread between both risk measures are within the ]-0.1%, 0.275%] interval.
97.5%

99%

97.5%

97.5%

99%

99%

Figure 21 – Spread VaR

99 %

vs. ES

97 .5 %

97.5%

- January 2011 to September 2015

Following the computation of these simulated ES, it can be concluded that in comparison to a VaR
measure, the ES is not overly conservative and severe measure. Given these findings and knowing
that the ES is a more consistent measure in comparison to the VaR (due to the way it is estimated), it
can be accepted as a suitable risk measure provided that a reliable approach is used in order to back-test
the results.

3.2. Back-test of the ES using our alternative methods
Following the previous conclusions, it has been decided to focus on some approaches defined in
section 2.2. That’s why an observed ES has been computed based on the daily VaR (obtained via the
MC simulations) and the observed returns over the year following the simulation date. Its expression is
as follows:
∑s
fU0 𝑅(𝑡 + 𝑖 )I{P(3Cf)ÿà)P!".#%(3)}
𝐸𝑆ðÒ+ (𝑡) =
∑s
fU0 I{P(3Cf)ÿà)P!".#%(3)}
97.5%

Where m is the number of days in the year following the date t and R(t) the daily return observed at date
t:
𝑆ðÒ+ (𝑡) − 𝑆ðÒ+ (𝑡 − 1)
𝑅(𝑡) =
𝑆ðÒ+ (𝑡 − 1)
As presented in the section 2.2.1, this observed ES has been compared to the theoretical daily simulated
ES.
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Figure 22 – Comparison of the theoretical ES against the observed ES - From January
2011 to January 2012

Figure 22 shows both theoretical and observed ES computed over the year 2011 whereas Figure 23
presents the distribution of the distance 𝐸𝑆3ñ − 𝐸𝑆ðÒ+ .
Figure 23 – Distribution of the distance 𝑬𝑺𝒕𝒉 − 𝑬𝑺𝒐𝒃𝒔 - From January 2011
to January 2012

Figure 23 shows that, over the year 2011, the observed ES is lower than the theoretical ES in 98% of
the case and 95% of the distance range between [0.04%; 0.95%]. Based on these results, it is possible
to define a 95% confidence interval for the future comparison of the observed ES vs. the theoretical ES
in order to assess the accuracy and conservativeness of the theoretical ES. This confidence interval has
been applied to the data of the year 2012, 2013 and 2014 where:
a positive result is obtained when the distance between the theoretical and observed ES is
below the lower bound (i.e. the theoretical ES is conservative),
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a neutral result is obtained when the distance is within the confidence interval (the theoretical
and observed ES are assumed close),
a negative result is obtained when the distance is above the upper bound (i.e. the theoretical
ES lack of conservativeness).

Results are presented in Table 7 below, where it is noted that the interval computed over the year 2011
leads to satisfactory results since a majority of positive results are observed.
Table 7 – Results of the ES back-testing – 2012, 2013 and 2014
Positive

Year
2012
2013
2014
Total

#
72
174
159
405

%
28,70%
69,30%
63,30%
53,70%

Neutral
#
179
77
92
348

%
71,30%
30,70%
36,70%
46,20%

Negative
#
0

%
0,00%
0,00%
0,00%
0,00%

The benefits of this approach is that it gives a way to back-test the level of the simulated ES via
the computation of thresholds based on the results of the previous year.
Nevertheless, one can challenge the way the observed ES is computed. Indeed, instead of relying on a
forward-looking approach; it could be computed via a backward-looking approach:
∑s
fU0 𝑅(𝑡 − 𝑖 )I{P(3;f)ÿà)P!".#%(3)}
𝐸𝑆ðÒ+ (𝑡) =
∑s
fU0 I{P(3;f)ÿà)P!".#%(3)}
This approach has been tested on the 2013 data. Figure 24 shows both theoretical and observed ES
computed over the year 2013 using a backward-looking approach whereas Figure 25 the results of the
forward-looking methodology.
Figure 24 – Comparison of the theoretical ES against the observed ES (backward
looking)- January 2013 to January 2014
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Figure 25 – Comparison of the theoretical ES against the observed ES (forward
looking)- January 2013 to January 2014

The comparison of both Figure 24 and Figure 25 reveals that the backward-looking approach leads to a
more conservative and consistent computation of the observed ES since the distance between the
simulations and the observations is marginal. Furthermore, the use of a backward-looking approach
can be implemented on a daily basis, whereas the forward-looking relies on future observation of
returns.
The results of the backward-looking approach have been used in order to recalibrate the interval, as
expected the new interval is now narrowed and is equal to [-0.07%; 0.26%]. The results of the ES backtesting are presented in Table 8:
Table 8 – Results of the ES back-testing (backward looking) – 2014 and 2015

Positive

Year
2014
2015
Total

#
78
141
227

%
31,1%
56,2%
30,1%

Neutral
#
172
21
495

%
68,5%
8,4%
49,3%

Negative
#
1
89
282

%
0,4%
35,5%
28,1%

When looking at Table 8, one can notice that the ES back-testing relying on the backward-looking
approach leads to more situations where the simulated ES are underestimated which is explained by the
interval being smaller.
Overall, this shows the complexity of back-testing the ES since it is less straight forward than a
VaR back-testing and based on the definition of the observed ES. Furthermore, it can be noted in
Table 7 and Table 8 that when using the ES as a risk measure it could lead to instability in the
back-testing results over years, which shows the importance of defining a proper back-testing
methodology.
Then, it has been decided to test the bootstrap alternative method presented in the Section 2.2. As a first
step, a sample vector corresponding to the one-day returns of the year 2011 has been computed. As a
second step, the bootstrap vector has been constructed; this vector is filled with the values of the sample
vector that have been selected randomly ten thousand times. Figure 26 below shows the Bootstrap
vector distribution:
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Figure 26 – Bootstrap Vector – Random sampling of the 2011 one-day returns 10 000 observations

Finally, for each date of the year 2011, a final vector with all the value exceeding the daily estimated
VaR is estimated. For instance, as of January 6 2011, the estimated VaR is -1.97% which leads to a
final vector distribution as follows:
97.5%

Figure 27 – Final Vector – 06.01.2011 – VaR

9 7 .5 %

= -1.97%

As such, for each time point of the year 2011, it is possible to estimate a Bootstrapped ES which will
be used as a reference value to back-test the simulated ES . The results of the ES back-testing are
presented in Figure 28 below:
97.5%

97.5%
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Figure 28 – ES Comparisons – January 2011 to January 2012

When looking at Figure 28, one can compare the bootstrapped ES and the Observed ES as reference
value for back-testing purpose. In particular, it is observed that both curves are similar for the first 9
months, then the observed ES significantly decreases from this date. Hence, the bootstrapped ES
appears to be more stable over the year and would be a more reliable value to back-test the
simulated ES since no breach are observed in comparison to the observed ES where it fails on the
last months. The same exercise has been done on the data of the year 2015 and with an observed ES
computed using a backward-looking approach. Results are displayed in Figure 29 where similar
conclusions are drawn.
97.5%

Figure 29 - ES Comparisons – 02 January 2015 to 31 December 2015
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4. Conclusion
This white paper presented the latest developments in terms of ES back-testing methodologies and
introduced new methodologies developed by the Global Research & Analytics (GRA) team of Chappuis
Halder & Co. After presenting and testing several methods that can be found in the literature, it has been
concluded that these methods may not fit for the purpose of a regulatory back-testing since they rely on
questionable assumptions or heavy computation time.
Then, in order to highlight the specificities of the back-testing of the Expected Shortfall, it has been
decided to implement and test the alternative methods that have been presented in this article. Overall,
it has been concluded that the complexity of back-testing the Expected Shortfall relies on a proper
definition of the observed ES, which should serve as a reference value for back-testing. Indeed, it is
clear that the estimation of a simulated Expected Shortfall is quite straightforward since it relies on the
computation of the simulated Value-at-Risk; this is not the case of the computation of the observed
Expected Shortfall. Indeed, in order to perform an apple-to-apple comparison, one can’t just compare a
simulated daily Expected Shortfall to a daily observed return. Knowing that the Expected shortfall
corresponds to the average value above the worst loss defined under a specific quantile, it sounds natural
to introduce these features while estimating the observed Expected Shortfall.
Hence, in order to propose a relevant back-testing of the simulated ES, one should first decide on the
assumptions used for the computation of the observed ES. For example, it is important to choose if it
has to be computed with a backward or forward-looking approach, the number of time points to use, the
frequency of the calculations, etc.
These assumptions need to be chosen wisely in order to calibrate a relevant interval of confidence for
ES comparisons. Indeed, it has been discussed in this article that the back-testing results could be
different and instable with regards to the computation methodology of the observed ES.
That’s why, on the basis of the tests performed in this article, it has been observed that the more reliable
back-testing results came from the computation of a bootstrapped ES since it as the advantage of
considering a P&L distribution constant during the time horizon, which produced a stable but
conservative level of confidence.
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Stochastic modelling of the loss given default (LGD) for non-defaulted assets

Abstract
In the Basel framework of credit risk estimation, banks seek to develop precise
and stable internal models to limit their capital charge. Following the recent
changes in terms of regulatory requirements (Basel regulation, definition of
the Downturn…), it is prudent to think about innovative methods to estimate
the credit risk parameters with the constrains of models’ stability, robustness,
and economic cycles sensitivity.
This paper introduces a different recovery forecasting methodology for LGD
(loss given default) parameter. The goal is to model the recovery dynamic by
assuming that each maturity in default has a specific behavior and that the
recovery rate depends on default generation change. The model focuses on the
recovery rate time series where the time period is the default generation. Thus,
the estimation of upcoming recoveries uses vertical diffusions, where the
triangle’s columns are completed one by one through stochastic processes.
This model is suggested to replace classical horizontal forecasting with ChainLadder methods.
First, a definition of the LGD parameter and the regulatory modelling
requirements are provided, as well as a presentation of the data set used and
the construction of the recovery triangle. Second, the stochastic forecasting is
introduced with details of how to calibrate the model. Third, three classical
methods of recovery forecasting based on Chain-Ladder are presented for
comparison and to contest and the stochastic methodology. Finally, a
regulatory calibration of the LGD for non-defaulted assets is proposed to
include Downturn effects and margins of prudence.

Keywords: Credit risk, Loss Given Default (LGD), contract, exposure, Basel, multi-default, downturn,
margin of prudence, recovery triangle, recovery rate, time series, stochastic process, interest rate, linear
regression, diffusion, Brownian motions, Ornstein-Uhlenbeck process, Ito lemma, stochastic integral
JEL Classification: G1, G22, C45, C52, C53
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1. Loss Given Default (LGD)
This study addresses an innovative methodology to model the LGD parameter needed for the RiskWeight Asset (RWA) estimation in terms of credit risk. First, the evaluation of such a parameter must
consider the regulatory requirements in each step of the estimation. This prerequisite is essential when
a new methodology impacting a regulatory parameter is proposed as it is subject to the regulator’s
validation. This section presents the actual regulatory requirements for LGD estimation for nondefaulted assets.

Presentation of LGD parameter
To estimate the level of regulatory capital in terms of credit risk and under Internal Ratings-Based (IRB)
methodologies, the bank expresses the future level of its losses for both defaulted assets and nondefaulted assets. For this purpose, the bank uses the historical data of defaulted assets in its portfolios.
For a credit contract, the Basel default is triggered when the exposure shows more than 90 days of nonpayment or when notified of a significant deterioration of the counterparty’s financial situation. The
second scenario mentioned is subjective and determined through expert opinion. Furthermore, the Basel
default included the scenario where the counterparty cannot meet its obligation due to a judicial
proceeding. Thus, the loss given default (LGD) is defined as exposure to loss in the event a borrower
defaults on a loan. This is estimated based on the ratio between the loss incurred and the exposure
sustained at the time the loan goes into default.
This study aims to model the recovery rate (RR) which represents the share of the exposure at default
(EAD parameter) recovered after the default is declared on the loan. The following equation expresses
the relation between LGD and RR:
1 − 𝑅𝑅 (%) = 𝐿𝐺𝐷 (%)
Hence, from the moment the loan goes into default, recoveries are observed to cover a part or all of the
missing amount. A contract is closed when the recovery process is complete. Conversely, a contract is
unclosed when the recoveries are potentially unfinished. A recovery profile can be built and forecasted
to cumulate the recovery rates at the end of each maturity (month, trimester, year… depending on the
data’s granularity) and provide a global vision of the recovery process on the loan concerned.
Figure 30 - Example of a recovery profile

The example presented in Figure 1 gives the recovery profile for a loan that goes into default at time t.
At time t+1, the bank recovers 11% of the exposure and at time t+2, the recovery reaches 39%
cumulatively. The final recovery rate (RR) for this loan is the maximal cumulative recovery rate
observed. In this example, it is evaluated at 75%. The LGD then equals 25%.
The purpose of this study is to introduce an innovative methodology to estimate the final recovery rate
for each credit contract and to evaluate the LGD level of the portfolio. For closed contracts, the final
recovery rate is already observed as the recovery process is achieved. However, for the unclosed
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contracts the recovery is not over, and the aim of the LGD modeling is to forecast the upcoming
recoveries to estimate the final LGD. The LGD calculus is then based on:
- the projection of recovery amounts from the last maturity observed to the maximal point of
recovery (corresponding to a theoretical maturity named the delta point which will be explained
further) for unclosed contracts
- the average of the contracts’ final recovery rates (projected for unclosed contracts and observed
for the others)
The following figure presents the key steps to model the regulatory LGD parameter:
Figure 31 Regulatory LGD Modelling process

The regulatory LGD modelling process is based on the segmentation of profiles with distinct recovery
behaviors to estimate different LGD levels. The segmentation is based on behavioral variables to explain
the type of recovery of each profile. Therefore, unclosed contracts are forecasted until the maximal point
of recovery which is corresponding to the theoretical maturity beyond which the recovery expectation
is close to zero. Then, for each segment resulting from the prior segmentation, the long-term recovery
rate is defined as the average of the contracts’ individual RR estimated at delta point by considering the
discounting effect and the deduction of eventual direct or indirect fees charged on the contract in default.
Finally, conservative margins are considered to cover a potential deterioration of the recoveries due to
macroeconomic effects and uncertainty around statistical estimators of the model.

Regulatory requirements for LGD modeling of non-defaulted assets
The main challenge in the LGD estimation process is to adapt the model to EBA regulatory requirements
and the subsequent updates. In July 2016, the final version of the Regulatory Technical Standards (RTS)
on internal models was published by the European regulator to define the guidelines for regulatory LGD
estimation. This document is part of the internal models’ review driven by the regulator to build a strong
benchmark on each Basel parameter for credit risk, and to unify the evaluation criteria among European
banks to avoid discrepancies between them in the regulatory review and evaluation exercises. More
precisely, several conditions have been updated and must be considered in the internal models.
Furthermore, a final draft paper following the RTS has been published in November 2018 and aims at
7

7

European Banking Authority [November 2018]
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redefining the downturn impact on the LGD modelling process. The requirements included must also
be considered. A list of the Basel requirements for LGD internal models is given below.
The RTS presents the following requirements for the LGD estimation methodology:
- Data requirements: The LGD estimation must consider the entire data set available. All
information considered as relevant shall be included in the model. The data used must be
representative enough of the scope covered. External data can be used if the relevancy is
justified. The regulator requested to use historical data of at least 5 years for retail portfolios
and at least 7 years for corporate portfolios.
- Requirements on realized LGD estimation: For each portfolio’s segment, the LGD is
estimated at the contract level. In terms of regulatory requirements, the forecast of future
recoveries shall be estimated on defaulted assets (closed and unclosed), consolidated on
generated defaults based on their default date. The recoveries forecasted are applied to unclosed
loans to complete the recovery profiles to delta point. Furthermore, LGD estimation must
consider delay fees, interest, and post-default draws (increase of the exposure amount after the
default is declared, example: revolving credit). The discount rate used for recoveries may be
equal to the risk-free rate plus a spread of 5%. Caps and floors are recommended for LGD levels
to guarantee a reasonable level of conservatism.
- Requirements on long-term LGD estimation: The obtained LGD for a segment is called longterm LGD as it represents the level of observed losses at a long term and which will be used for
estimating the level of the bank’s capital to cover the credit risk. The long-term LGD is the
arithmetic average of the realized LGD of each contract. Generally, EBA recommends using
the weighting by the number of contracts instead of the weighting by the amounts outstanding.
- Requirements on collateral treatment: The collateral corresponds to a guarantee used to cover
the credit risk for financial operations in case the counterparty cannot fulfil its payment
obligations. The EBA highly recommends the consideration of every type of
collateral. However, it is necessary to evaluate the collateral and to estimate its flows as realized
recoveries in the LGD estimation process.
- Requirements on Downturn inclusion in the LGD estimation: These requirements are
summarized in the EBA final draft published in November 2018. The Downturn is considered
the low-cycle period(s) where a degradation of observed recoveries is detected due to
economical and/or cyclical effects. The banking supervisor recommends considering the
downturn in LGD estimation with a conservative approach. To define the economic conditions
of a downturn, banking institutions must determine its nature, duration and severity. Thus, a
period is qualified as a low-cycle period if a negative evolution is detected for different
economic indicators. Several economic indicators must be considered: gross domestic product,
unemployment rate, default rate and credit loss. However, the RTS indicates that additional
indicators can be considered depending on the sector and/or the industry covered by the portfolio
such as specific price level indices or geographical indices. Thus, the downturn period must be
specified through all relevant economic indicators available. The duration of a low-cycle period
is theoretically defined by the duration of the low-period of the indicator(s) chosen, however it
is recommended to consider a downturn period of at least 12 months. To evaluate the severity
of the downturn, it is recommended to choose the worst year(s) from the historical data
observed. This choice assumes that the historical data is covering at least a complete economic
cycle, if not, external data must be used to complete the analysis. The final draft of the RTS
provides the option to consider more than one downturn period if the economic indicators stress
out separate low-cycle periods. This is the case when different geographical areas are covered
by the portfolio or credit contracts are indexed on diverse industries, where the low-cycle
periods do not overlap.
The regulatory overview given is necessary to comprehend the estimation of credit risk parameters
especially when an innovative method is introduced.

« Final draft RTS on the specification of the nature, severity and duration of an economic downturn »
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2. Data presentation and construction of the recovery triangle
This study is focused on the estimation methodology of LGD parameter without considering the
portfolio’s segmentation. It has been assumed that the contracts simulated are from the same segment,
thus a unique long-term LGD is evaluated in this context. A global overview of the illustrative
portfolio’s features is given in section 2.1.
In this way, the first step for estimating loss given default is to predict the future levels of recoveries for
unclosed contracts based on the average recovery rate triangle. The goal of section 2.2 is to present the
methodology used to build this triangle.

Features of the theoretical portfolio
The simulated and illustrative portfolio studied contained 12 674 contracts which went into default
between 2008 and 2014. The following chart represents the number of contracts defaulted by year.
Figure 32 Contracts’ number by annual default generation

The number of contracts is similar: between 1000 and 2000 contracts went into default each year.
The analysis of cumulative undiscounted recovery rate in the portfolio shows a bimodal distribution
with heavy concentrations around 0 and 1. For a credit contract in default, its recovery rate at long term
tends to be either 0 (complete loss of the exposure at default) or 1 (total recovery of the exposure at
default). The following graph illustrates the bimodal distribution obtained on the portfolio studied.
Figure 33 Distribution of cumulative undiscounted recovery rate
from the theoretical portfolio

The bimodal distribution is unbalanced between the highest recovery rates and the lowest: an important
concentration of the contracts is detected around a recovery rate at 1. In fact, the theoretical portfolio
presents an important closure rate, as 72.6% of the contracts have finished their recovery process which
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represents, in most cases, a complete recovery of the exposure at default. More precisely, for more than
60% of the contracts the undiscounted cumulative recovery rate is higher than 90%.
Furthermore, the exposure at default is distributed as follows:
Figure 34 Distribution of the exposure at default (EAD)

The graph indicates that 9955 contracts have less than 240 000 euros recorded as debt
amount which represents 78.5% of the portfolio. Moreover, only 10 contracts have
more than 720 000 euros at default and are not represented in the Figure 34
Distribution of the exposure at default (EAD)
Lastly, 21.4% of the portfolio has an EAD (exposure at default) between 240 000 and 720 000 euros.
Moreover, the cumulative recovery rate on each annual generation shows that 2010 and 2011 were years
with particularly low recovery rates. This observation might represent a slowdown in the recovery
process for the contracts that go into default during those years and can be defined as a low-cycle period.
The last study conducted on the portfolio is the valuation of the recovery rate’s volatility for different
maturities in the default, using the standard deviation. The results are presented in the following graph.
Figure 35 Volatility (standard-deviation) of recovery rates between t+1
and t+10 after the default date

The standard-deviation is high for the first five maturities in default which shows a strength volatility of
the recovery profiles. Although, a decrease tendency is notified from the sixth maturity in default. These
results highlight the delta point as the theoretical maturity in default where the recovery process slows
considerably. After the sixth maturity, the cumulative recovery rates are less volatile and indicate a
stabilization of the recovery process.
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Construction of the average recovery triangle
The modelling of the recovery dynamic through a stochastic process is based on the default generations
as the modelling variable. In fact, the objective is to model the recovery dynamic by default horizons,
which means that each horizon has a specific dynamic and behavior represented by a unique stochastic
process. The use of such a process allows to model for each horizon the recovery rate of a given
generation depending on the previous generation (𝑋3C0 depending on 𝑋3 ), which allows a vertical
forecasting of the triangle. While the classic Chain-Ladder models evaluate a forecasted recovery rate
trough a transition factor from one horizon to another with no consideration of the default generations,
which allows horizontal forecasting.
It is important to note that the forecasting can be realized on the contracts at an individual level or on
the average triangle and then generalized for each unclosed contract. In the case of the stochastic
forecasting, it is preferable to consider a forecasting at contract level which significantly increases the
amount of data and ensures robustness in the estimations. In this study, to facilitate the presentation of
the method and make it more illustrative, the forecasting has been implanted on an average triangle. It
represents the average recovery rates for each default generation and default horizon based on the
observations in the theoretical portfolio.
For this paper, the average triangle corresponds to an upper triangle matrix where the lines are default
generations (annual, bi-annual, quarterly, monthly depending on the granularity of the historical data)
and the columns are the maturities/horizon in default. For each default generation, the matrix notes the
average marginal recovery observed at all the maturities based on the contracts which belongs to the
generation concerned. Thus, the oldest generation has the most maturities in defaulted observed and the
youngest generation has only one observation, which explains the triangular form of the matrix.
The following figure presents an example of an average triangular matrix for 11 default generations
observed at 11 different maturities after the default dates.
Table 9 Average marginal recovery triangle

To obtain a unique contract for each default generation, the recoveries for each maturity in default are
used to calculate the average recovery profile. EBA requirements emphasize the need to weight
recoveries by contract numbers instead of by exposure.
Once the average triangle is finalized, the middle recovery profiles for each default generation can be
represented as in the following chart.
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Figure 36 Mean cumulated recovery profiles for each default generation
depending on maturity in default

The recovery profiles are not complete, especially for the most recent generation, as they contain less
observations and a high proportion of unclosed contracts. The forecasting aims at completing the
unclosed recovery profiles depending on the initial levels.

Data quality tests
As part of the study, the recovery triangle represents the data base used to calibrate the forecasting
dynamic. The stochastic forecasting methodology described in the following section is based on the
calibration of recovery time series for each maturity. Thus, the datasets in the triangle are the
observations needed to calibrate the model. It is therefore necessary to provide data validation. Several
tests are set up to verify the data quality and to ensure that the data amounts are sufficient to estimate a
LGD parameter. The following tests were conducted for each recovery rate series:
- Check of missing data: the goal is to ensure that between the first and last date, the data base
contains enough data at the end of each period.
- Check of data relevance: The data used in the model must well represent the portfolio
concerned and must prove a high level of relevance. Therefore, a precise test is used to verify
that the data is sufficient, relevant and significant. In more practical cases, if a bank’s data base
fails these tests, it can still complete the model through external datasets if the relevance of those
external inputs are proved. Moreover, data can be bootstrapped to expand the amount and
calibration samples. If these treatments are difficult to set up, the regulator requires the use of a
margin of conservatism on the LGD estimation to cover for the uncertainty of the models which
might arise from low data quality.
- Highlight of outliers for each recovery rate series: Before the use of the recovery rate series,
it is important to verify the absence of outliers or extreme values that might obscure the
estimations. If outliers are found, relevant treatments need to be settled.
The triangle resulted at this point does not have missing values. The series contain at least 30
observations which are statistically acceptable, and the outliers are treated.
The data treatment step is necessary before the construction of the model to highlight the eventual limits
of the model, the relevance of a particular recovery generation, and/or to highlight certain features of
the portfolio that are critical to the LGD estimation.
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3. Stochastic forecasting method
At this stage, the recovery rate triangle contains marginal recovery rates for each maturity in the
observation period and for each generation of defaulted contracts. The data is complete and robust
enough to calibrate the recovery forecasting model. This section introduces the stochastic forecasting of
the recovery rate and explains the underlying philosophy.

General concept
The goal of the triangle forecasting is to predict the future RR to complete the matrix. It provides the
recovery estimation for each generation and horizon to complete the unclosed contracts’ profiles.
Therefore, the concept of the stochastic forecasting is to consider vertical diffusion of the recovery rate
series. It is assumed that the recovery dynamic of the portfolio is defined by the maturities in default.
Therefore, each maturity has its own recovery dynamic where the transition from a default generation
to another has an impact on the recovery rate series. The model aims at estimating, for a given
maturity, the recovery rates (RR) of a generation depending on the recovery rates (RR) of the
previous generation. This point emphasizes the use of as stochastic process to interpret the random
changes over generations of the recovery rate at a certain maturity in default.
However, the classical forecasting methods of the recovery triangle are based on the projection of the
recovery rates for each generation, which implies a horizontal forecasting. The future RR are determined
through transition factors which are based on the RR observed on the top of the triangle (for aged
generations).
To model the maturity recovery dynamic, a mean reversion model is used with an OrnsteinUhlenbeck stochastic process. The features of such a process are determined through the observed
recovery rates and the triangle is completed through stochastic diffusion.
The use of Ornstein-Uhlenbeck processes need Brownian motions simulation. The particularity of this
method is the stochastic diffusion of a term structure (a term is the RR series for a specific time horizon,
for example: the 3 months term is the RR series at 3 months after the default which is also the third
column of the triangle). This method captures the observed correlations between the recovery rates series
on the upper segment of the triangle and incorporates it into the model to replicate the projected series.
In other words, it is assumed that the diffusion of the RR must be correlated the same way as the observed
RRs. Technically, the correlation observed on the upper part of the matrix between the columns are
replicated in the RR projections (lower part of the matrix). Moreover, to capture efficiently the
correlation between 11 vectors (triangle’s columns) and to facilitate the complexity of the computations,
the triangle matrix is reduced, and eigenvectors are estimated as the most explanatory vectors of the
term-structure.
In practice, the observed correlation of the upper triangular matrix is expressed as a reduced version of
this matrix, which is obtained through a PCA (Principal Component Analysis). This technique has
multiple advantages:
– Reduce the complexity/density of the initial matrix to simplify the Brownian motions
simulations
– Capture the correlation structure of the initial matrix through the most explanatory eigenvectors
of the term-structure
Then, the Brownian motions simulated which are at first independent are correlated through a matrix
multiplication with the reduced version of the initial triangular matrix obtained through the PCA.
Once the dependent Brownian motions matrix is obtained, the parameters of the Ornstein-Uhlenbeck
processes are estimated using the observed RR of the upper triangle matrix with a linear regression. In
fact, the linear regression ensures closure formulas for each estimator. The RR series is forecasted
afterwards by diffusion of stochastic processes with a recent observation of each series as the starting
point (which are the observations on the diagonal of the matrix).
The resulting marginal RRs, obtained after the forecasting of the triangle matrix, are used to complete
each unclosed contract of the portfolio. The final cumulated RR is estimated as the average of the entire
contracts’ cumulated RR at delta point.
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The implementation of the stochastic forecasting is summarized in the following figure.
Figure 37 Key steps of the stochastic forecasting process

Determination of the delta point
Before considering the forecasting of the recovery rates, it is essential to define the maximal horizon of
forecasting to limit the simulations. The delta point is the theoretical horizon beyond which the
expectation of a significant recovery is theoretically null. It can be determined through the marginal
recovery speed. The goal is to estimate the average moment where the recovery speed becomes nonsignificant, based on contracts which have completed their recovery process (closed contracts).
In fact, the recovery speed has a decreasing tendency that tends to settle at a minimal level that can be
considered as non-significant. The horizon where the recovery speed reaches a minimal threshold
constitutes the stabilization maturity of the recovery process, and it’s called delta point. The threshold
is fixed here at 2%. On average, the closed contracts’ recovery speed falls below the threshold of 2%
after 6 maturities on the default.
The following figure illustrates the determination of delta point for a closed contract of the data base,
where the maximal horizon of the recovery process is exactly 6 maturities.
Figure 38 Delta point for an unclosed contract depending
on the marginal recovery speed

For the rest of the study, the final RR is the average of the contracts’ cumulated recovery rates at 6
maturities after the default. For contracts which have been closed before reaching the sixth maturity, the
last observed cumulated RR will be considered as the final recovery rate, as the recovery process is
theoretically finished.
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Analysis of the RR time series
The stochastic method of recovery forecasting is based on time series which is necessary to verify that
they are suitable with a mean reversion model. First, time series’ normality and stationarity are verified,
then the first-order autoregressive feature is checked, finally autocorrelated functions are studied. The
purpose of this analysis is to justify the use of Ornstein-Uhlenbeck process.
This process is a mean-reversion one, frequently used to model financial time series or rate curves. It is
the solution of the following differential equation:
𝑑𝑋3 = 𝜆 ∗ (𝜇 − 𝑋3 ) ∗ 𝑑𝑡 + 𝜎 ∗ 𝑑𝑊3
With, 𝜆 mean-reversion speed, 𝜇 long term average, 𝜎 volatility et 𝑊3 a Wiener process to represent a
Brownian motion. The differential equation is solved using the Itô’s lemma on the following process
(𝑋3 ∗ 𝑒𝑥𝑝(.∗3) )3 .
This figure shows an example of RR series at the second maturity in the default:
Figure 39 Representation of the recovery rate time series
at the second maturity in default

Other examples of RR time series plots are presented in Appendix A. These graphical plots emphasize
the relevance of a mean-reversion model.

3.3.1. Normality tests
The normality test aims at proving the consistency of a gaussian stochastic process to model the RR
time series. For this purpose, Q-Q (quantile-quantile) plots are used to compare the position of the
quantiles in the observed population with their theoretical position. If the observed position is closed to
the theoretical position, it can be concluded that the observations are following a gaussian model where
the expected value is the observed average and the variance is the observed standard deviation. The
following figure shows the Q-Q plot of RR time series at the second maturity in default.
Figure 40 Q-Q plot of RR time series at the second maturity in default

The Q-Q plots for the entire RR time series show satisfying results which demonstrates a good fit with
the gaussian distribution.
To validate the gaussian’s fit of the RR series, the Jarque-Bera test is utilized. This is based on the null
hypothesis that the data set fits a Normal distribution. For the RR series, the test does not reject the null
hypothesis at 5%, which is the significance level threshold. In other words, the RR time series fits the
gaussian distribution.
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3.3.2. Stationarity test
The non-stationarity of time series is essential for the modelling process, therefore tests like augmented
Dickey-Fuller, KPSS, Phillips Perron, ERS and Elliot DF-GLS are used. For each time series, if 4 out
of 5 tests are positive the stationarity of the series is then concluded.
The RR time series in the first maturity in default is taken as an example and the augmented DickeyFuller test is used. The null hypothesis is that a unit root is present in the autoregressive model, which
means that the time series is non-stationary. The null hypothesis is rejected at 5% significant threshold
if the t-statistics of the test is above the critical value given by the Dickey-Fuller table. There are three
main versions of the test:
– Test without drift and without deterministic time trend;
– Test with drift and without deterministic time trend;
– Test with drift and with deterministic time trend
The results for the RR time series at the first maturity in default are presented below:
Table 10 Results of the augmented Dickey-Fuller test
for the RR time series at the first maturity in default

Without drift and without deterministic time trend
With drift and without deterministic time trend
With drift and with deterministic time trend

Critical value at 1%

Critical value at 5%

tstatistics

-2,6
-3,51
-4,04

-1,95
-2,89
-3,45

1,01
-1,27
-2,97

Three versions of the test are set up and show that the t-statistics is higher than the critical values for
both 1% and 5% test levels. Thus, the null hypothesis of these tests is not rejected, and the time series
are non-stationary.
Besides, the tests are negatives for most of the RR time series set. The tests are then reiterated for
integrated versions of the time series of order 1 (one differentiation of RR time series). The results
underline stationary series for the series’ integrated versions.
In conclusion, the calibration matrix of the Ornstein-Uhlenbeck processes includes integrated time series
of order 0 or 1 depending on the order that ensures their stationarity.

3.3.3. Autocorrelation functions
The goal of this part is to prove the hypothesis that the process studied is an autoregressive process at
first order (AR (1)) and can match an Ornstein-Uhlenbeck model. For this purpose, autocorrelation
functions (ACF) and partial autocorrelation functions (PACF) provide a validation for this hypothesis.
The ACF and PACF plots of an AR (1) process highlight only the first autocorrelation as a significant
one to express the correlation between 𝑋3 et 𝑋3;0 .
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For example, the ACF and PACF functions of the RR time series at the first maturity in default are
presented below.
Figure 41 ACF and PACF functions plots for RR time series
at the first maturity in default

The ACF and PACF plots are highlighting the first order of correlation only, which indicates the
relevancy of considering an AR (1) process to model this RR time series.
On the entire time series set, the results justify the use of an AR (1) process which is stationary and fits
a gaussian distribution. Thus, the introduction of Ornstein-Uhlenbeck seems legitimate and relevant.

Construction of the Brownian motions
The Ornstein-Uhlenbeck processes are calibrated based on the observed marginal recovery rates on the
upper side of the triangle matrix. In this purpose, Brownian motions are simulated as Wiener processes
for Ornstein-Uhlenbeck model. During the Brownian motions construction, the correlation is important
to consider. In fact, the simulated portion of the processes must ensure the same correlation structure as
the observed portion. Moreover, the simulation of several stochastic processes may induce complexity
in the computations. Thus, a PCA (Principal Component Analysis) has been considered for two reasons:
to capture the most explanatory vectors of the term-structure correlation in order to replicate it on the
simulated part of the processes, and to reduce the number of Monte-Carlo simulations by simulating
only a reduced number of Brownian motions.
The number of eigen vectors chosen is determined through the analysis of the vectors’ cumulated
variance which must reach 80% (for example: if the cumulated variance of the n-th first vectors is higher
than 80% but not for the (n-1)-th first vectors, then the number of explanatory vectors enhanced by the
PCA is n). These vectors constitute the rotation matrix.
In the application case, the PCA highlights 3 eigen vectors which explain the majority of the variance
of the term-structure. Indeed, the 3 first vectors of the matrix explain more than 81% of the total variance
of the term-structure.
Therefore, the rotation matrix is composed by 3 eigen vectors of the initial structure. In the meantime,
a matrix of 3 gaussian vectors with the same length is simulated. The distributions used are normal ones
with an expected value of 0 and a variance at 1. This gives a set of independent Brownian motions. The
replication of the initial matrix’s correlation structure on theses vectors requires a matrix multiplication
between the independent Brownian motions matrix and the transposition of the rotation matrix.
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The following figure illustrates the construction process of dependent Brownian motions.
Figure 42 Construction process of dependent Brownian motions

The resultant matrix contains 11 dependent Brownian motions which have the same correlation structure
as the observed RR time series. However, only the sixth first series are used to calibrate the long-term
recovery rate to match the delta point fixed previously.

Calibration of the Ornstein-Uhlenbeck processes and forecasting
of the RR time series
The parameters of the Ornstein-Uhlenbeck model are estimated through linear regression and the Wiener
processes are represented by the dependent Brownian motions previously simulated.
The differential equation of the Ornstein-Uhlenbeck is:
𝑑𝑋3 = 𝜆 ∗ (𝜇 − 𝑋3 ) ∗ 𝑑𝑡 + 𝜎 ∗ 𝑑𝑊3
It is solved by using the Itô’s lemma to the following process 𝑓(𝑋3 , 𝑡) = 𝑋3 ∗ 𝑒𝑥𝑝(.∗3) . Details of the
solution to the equation are presented in Appendix B.
Therefore, the solution is:
1 − 𝑒𝑥𝑝;E.∗/
𝑋3C0 = 𝜇 ∗ ˜1 − 𝑒𝑥𝑝;.∗/ ™ + 𝑒𝑥𝑝;.∗/ ∗ 𝑋3 + 𝜎 ∗ 0
∗ 𝒩(0,1)
2𝜆
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This solution is comparable to a linear regression of 𝑋3C0 on 𝑋3 :
𝑋3C0 = 𝛼 + 𝛽 ∗ 𝑋3 + 𝜖
With 𝜖 a stochastic error process which is independent and identically distributed under a gaussian
distribution. By identification, the regression’s terms are the following : 𝛼 = 𝑒𝑥𝑝;.∗/ , 𝛽 = 𝜇 ∗ (1 −
𝑒𝑥𝑝;./ ) and the expected value (sd) of 𝜖 is 𝜎 ∗ Ž

0;®€¸ 1¨23
E.

.

The regression is then solved using the least squares method and the results are (with n the number of
observed data for each RR time series):
𝑛 ∗ ∑}fU0 𝑋f;0 𝑋f − ∑}fU0 𝑋f;0 ∗ ∑}fU0 𝑋f
𝛼=
E
E
𝑛 ∗ ∑}fU0 𝑋f;0
− ã∑}fU0 𝑋f;0 ä
𝑛 ∗ ∑}fU0 𝑋f − 𝛼 ∗ ∑}fU0 𝑋f;0
𝛽=
𝑛
E

𝑛 ∗ ∑}fU0 𝑋fE − ã∑}fU0 𝑋f ä − 𝛼 ∗ (𝑛 ∗ ∑}fU0 𝑋f;0 𝑋f − ∑}fU0 𝑋f;0 ∗ ∑}fU0 𝑋f )
𝑠𝑑 (𝜖) = 0
𝑛(𝑛 − 2)
These closed formulas give the estimations of the characteristic parameters of each stochastic
process (i.e. RR time series or column of the triangle matrix), which allows for forecasting of the time
series by simulating added values to complete the matrix. The starting point of each forecasting is
the last recovery rate observed (on the matrix’s diagonal).
The forecasting process is presented on the following figure.
Figure 43 Stochastic forecasting illustration

Once the forecasting is over, the integrated versions of the time series are differentiated to obtain the
same differentiation order on the final matrix. The resulting forecast of RR is subject to a zero-floor if
they are negative to ensure conservative estimations.
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Results of the stochastic forecasting
The results of the stochastic forecasting are organized around two main points: the RR time series
forecasted to complete the triangle matrix, and the results on the unclosed contracts forecasted to the
delta point in order to predict a long-term recovery rate.

3.6.1. Forecasting of the RR triangle
The simulation of adding values to complete each RR time series is subject to a Monte-Carlo method to
estimate a large number (10 000 times) of simulations of the Brownian motions. The resulting values
are the average of those simulations. The use of Monte-Carlo method adds consistency and robustness
to the estimation as it provides the opportunity to observe a wider variety of scenarios for each value
simulated.
Figure 44 Forecasting of the RR time series at the third maturity in default

The Monte-Carlo method gives 10 000 simulations of the forecasted triangle, where the simulated RRs
(on the lower part of the matrix) are different. Therefore, the RRs at delta point (the sixth maturity in
default) are different. For each simulated triangle, the long-term RR at this stage is the average of the
cumulated RR at the sixth maturity in default for the entire set of default generations considered. The
global long-term RR is the average of the 10 000 cumulated RRs at delta point resulting from the MonteCarlo simulations. The following figure illustrates the Monte-Carlo long-term recovery rate simulations,
as well as the distribution of these values.
Figure 45 Plot of the long-term RR for each of the 10 000 Monte-Carlo simulation (left
figure) and distribution of the long-term recovery rate simulated by the same method
(right figure)
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Under the law of large numbers, the distribution of the long-term RRs by Monte-Carlo simulations
follow a gaussian distribution. The statistical features of theses 10 000 iterations are the following:
Table 11 Statistical characteristics of the long-term RR series
simulated by Monte-Carlo method
Minimum
64,92%

Quantile at 25%
66,56%

Quantile at 50%
66,99%

Average
67,03%

Quantile at 75% Maximum
67,46%
69,75%

Variance
0,66%

On average, the long-term RR is equal to 67,03%, and depending on the Monte-Carlo simulation it can
vary from 64,92% to 69,75%. The variance of the long-term RR iterations is low, which highlights a
strong deterministic role on the part of the simulations.
The forecasting of the triangle through stochastic processes and Monte-Carlo method gives average
values of recovery rates at each maturity in default and for all the default generations concerned by the
model. Therefore, the unclosed contracts can be forecasted individually using the estimated values
depending on the generation they belong to.

3.6.2. Individual forecasting for unclosed contracts
In terms of credit risk regulation, the contracts must be individually forecasted as a specific LGD (or
long-term cumulated RR) estimate for each contract. For closed contracts, the long-term cumulated
RR is observed, for unclosed ones it is estimated trough the forecasted values in the triangle
matrix. Thus, the long-term cumulated RR for unclosed contracts are defined as the long-term
cumulated RR of the average triangle matrix after Monte-Carlo simulations, depending on the contract’s
default generation. To ensure conservatism in the estimations, the cumulated long-term RR affected to
the unclosed contracts are capped at 1.
Besides, only 27,4% of the contracts are unclosed, thus more than 72,6% of the portfolio is deterministic
(the long-term RR is observed at the closure time) and independent to the stochastic iterations.
Consequently, the final long-term RR of the portfolio defined as the average of the contracts’ individual
long-term RR, experiences only few variations on the Monte-Carlo iterations series.
The series of 10 000 Monte-Carlo iterations to estimate the final long-term RR of the portfolio has the
following statistical features:
Table 12 Statistical characteristics of the long-term RR series
after individual forecasting of the contracts
Minimum
66,73%

Quantile at 25%
66,82%

Quantile at 50%
66,88%

Average
66,89%

Quantile at 75% Maximum
66,95%
67,13%

Variance
0,00008%

The RR on delta point is equal to 66,89% for the entire portfolio. The variance is low as an important
part of the portfolio (closed contracts) is deterministic.
In conclusion, the portfolio has a high closure rate which indicates that the robustness and validity of
the stochastic forecasting is more appreciable on the triangle matrix results than on the individual
forecasting of the contracts. For the rest of the study, the stochastic forecasting is compared to three
classical methodologies of forecasting, based on the Chain Ladder method, by analyzing the RR triangle
matrix’s results only.
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4. Classical methods of recovery triangle forecasting
To validate the stochastic methodology of recovery forecasting, three other methods are implemented,
and the results are compared. For this purpose, the forecasting by recovery speed, by marginal gaps and
by recovery potential are introduced. These methods are based on the Chain Ladder method and use
transition factors which allow to estimate the RR of a given horizon from the previous horizons
(horizontal forecasting). These transition rates from a horizon to another are calculated based on the
available values in the matrix at each step of the forecasting (observed values and previous forecasted
values).

Speed recovery forecasting
For the first method, the forecasting relies on observed recovery speed on the past default generations.
The developing factors to pass from a horizon to another is the average of recovery speed observed for
the past generations. The estimation formula is:
f

1
𝑅𝑅(𝑡 + 1, 𝑘) − 𝑅𝑅 (𝑡, 𝑘)
𝑅𝑅 (𝑡 + 1, 𝑖 + 1) = 𝑅𝑅(𝑡, 𝑖 + 1) ∗ (1 + N
)
𝑖
𝑅𝑅 (𝑡, 𝑘)
ÕU0

With RR the cumulated recovery rate, i the default generation and t the recovery horizon.
For this method, the cumulated RR are forecasted instead of the stochastic forecasting where the RRs
forecasted is the marginal ones. The cumulated RR are also capped at 1. Then, the marginal RR are
estimated from the cumulated versions and applied to the unclosed contracts individually depending on
the default generation until the delta point.

Marginal gaps forecasting
For this method, the recovery curves are forecasted based on the marginal RR observed on the past
generations. The developing factor which allows the pass from one horizon to another is the marginal
gap between a horizon and the next one. The estimation formula is:
f

1
𝑅𝑅 (𝑡 + 1, 𝑖 + 1) = 𝑅𝑅(𝑡, 𝑖 + 1) + N 𝑅𝑅(𝑡 + 1, 𝑘) − 𝑅𝑅 (𝑡, 𝑘)
𝑖
ÕU0

With RR the cumulated recovery rate, i is the default generation and t is the recovery horizon.
Similarly, the cumulated RR are forecasted and capped at 1. Then, the marginal RR are estimated from
the cumulated versions and applied to the unclosed contracts individually depending on the default
generation until the delta point.

Recovery potential forecasting
For the last method, the forecasting is realized from the recovery potential at a specific time given by
the past generations. The developing factor which allows the pass from one horizon to another is the
recovery potential observed on the previous generation for the same horizon. The estimation formula is:
1 − 𝑅𝑅(𝑡, 𝑖 + 1)
𝑅𝑅 (𝑡 + 1, 𝑖 + 1) = 𝑅𝑅 (𝑡, 𝑖 + 1) + ˜𝑅𝑅(𝑡 + 1, 𝑖 ) − 𝑅𝑅 (𝑡, 𝑖 )™ ∗
1 − 𝑅𝑅(𝑡, 𝑖)
With RR the cumulated recovery rate, i is the default generation and t is the recovery horizon.
Similarly, the cumulated RR are forecasted and capped at 1. Then, the marginal RR are estimated from
the cumulated versions and applied to the unclosed contracts individually depending on the default
generation until the delta point.
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Results
First, the achieved results of the 3 classical methods on the recovery triangle are presented on the
following figure.
Table 13 Average recovery rates at delta point for the triangle matrix
Forecasting through
recovery speed
68,42%

Forecasting through
marginal gaps
67,40%

Forecasting through
recovery potential
67,39%

The forecasting through recovery speed gives the least conservative long-term RR. Whereas, the other
methods give closer results. As a reminder, with the stochastic forecasting the long-term RR reaches
67,03% which is the most conservative recovery rate obtained.
Next, the average levels of forecasted RR are used for the unclosed contracts in order to predict their
individual long-term RR, and the final RR of the portfolio is estimated as the average of all the contracts’
long-term RRs at the sixth maturity in default (delta point). The results are presented in the following
figure:
Table 14 TR Average recovery rates at delta point for portfolio’s contracts
Forecasting through
recovery speed
66,97%

Forecasting through
marginal gaps
67,00%

Forecasting through
recovery potential
66,95%

The results are close as the gaps are below 10-2. This is explained by the high closure rate: more than
72,6% of the contracts are insensitive to the forecasting methods. The stochastic methodology gave a
final long-term RR at 66,89%, which is the most conservative rate even if the gaps are lowly significant.
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5. Validation and model selection
At this stage, the stochastic method of forecasting gives more conservative results for the triangle matrix
and the portfolio. To validate these methods, robustness and sensitivity tests are used to verify the
methods’ consistency.

Validity and stability tests for the stochastic forecasting
To validate the stochastic method, the forecasted recoveries are compared to real observations. Thus,
the Ornstein-Uhlenbeck processes are calibrated using the entire data set available to estimate average,
variance and mean-reversion speed. Then, the processes are forecasted from the oldest observation of
the triangle (which corresponds to the first line of the triangle). These diffusions are compared to the
real values observed in the upper part of the recovery triangle.
For each process diffusion, 100 iterations are used in the Monte-Carlo protocol. The absolute deviation
between the forecasted value and the real values is evaluated for each horizon (or column of the triangle
matrix) and each iteration. For example, the following figure gives the 100 absolute deviations obtained
for the RR time series at 1, 3 and 6 maturities in default.
Figure 46 Absolute deviations between simulated values and observations
for RR at maturity 1, 3 and 6 in default

Small deviations are notified for these series (between 0 and -0,5%). However, great absolute differences
are observed for the first recovery series but are relatively small. In fact, the average relative gap for the
RR time series at the first maturity in default is around -0,2%. For the rest of the time series, the results
show small absolute and relative differences. The stochastic forecasting estimates accurate values of the
marginal recovery rates, which stress out the validity of this method.
Another validity test is considered to verify the stability of the stochastic parameters (long-term average
𝜇, mean-reversion speed 𝜆 and variance 𝜎). The parameters are calibrated on different periods of time
and their values are compared. For this purpose, 10 periods are defined (sliding periods from the initial
history available) and for each of them the parameters of the RR time series are calibrated. In the
following figures, the synthetical curves of minimum, maximum and average of these 10 calibrations
are presented.
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Figure 47 Variability of mean-reversion speed 𝝀 Figure 48 Variability of long-term
average 𝝁

Figure 49 Variability of variance 𝝈

The curves presented for each stochastic parameter have similar shapes, which indicates that the
parameters’ calibration is low-sensitive to the calibration period. This result validates the regularity of
the parameters and witnesses the stability of the stochastic methodology. Moreover, the method
guarantees stable parameters for sliding periods of calibration which practically will not require
frequent recalibrations of the model. In terms of risk management and follow-up of the credit risk
model, this finding is essential. Moreover, this type of test can be integrated in backtesting exercise to
verify that the parameters are still relevant to the actual data sets to add consistency to this type of
regulatory testing.

Validation out of the sample for all the methods implemented
Besides the conservatism of the recovery rate predicted by the stochastic method, it is essential to verify
that the estimates are observed to be robust and stable over time. Therefore, this methodology has to
confront the data set’s extension case due to additional observations added and robustness has to be
verified. This requires an out of the sample validation which is among the cross-validation techniques.
It aims at assessing how the parameters estimated will generalize to an independent data set. In practice,
the estimation of the parameters is made on a part of the data set and their validation is operated on the
other part which has not be used for the calibration.
The processes are calibrated on the first lines of the triangle matrix and are diffused from there to
complete the triangle matrix. Thus, some recent observations are removed, and the parameters are
estimated on the rest of the data set to perform new predicted RR. Finally, these predictions are
compared to the observations removed by evaluating the mean square error. Additionally, these tests are
executed for the classic forecasting methods in order to compare the results and verify the relative
robustness of the stochastic method to the others.
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Thus, 9 tests are performed for each of the four methods:
- Test 1: The RRs corresponding to the last generation of default are removed from the triangle
matrix
- Test 2: The RRs corresponding to the last two generations of default are removed from the
triangle matrix
- ...
- Test 9: The RRs corresponding to the last nine generations of default are removed from the
triangle matrix
Once the corresponding range of data is removed, the forecasting process is realized based on the data
remaining. And each obtained value after the forecasting is compared to the value removed at the same
position in the matrix. This operation is performed for the four methods.
To illustrate this test, the following figure shows the operation for the Test 1 where only the last
generation is removed:
Figure 50 Robustness test on the last default generation for the implemented models

The cross-validation of each method is evaluated through the mean square error between the estimated
values and the observations removed, knowing that these observations have not been used for the
estimation part of the test. The lower the mean square error, the greater the prediction accuracy. For
each test and each method, the average error level is presented in the following figure.
Figure 51 Average mean square errors for the robustness tests

The stochastic forecasting shows the lowest errors for all the tests. On average, the mean square error is
0,07% for this method. However, for the forecasting through recovery speed the errors are the highest
as it reaches on average 0,79%. For the two other methods, the errors are similar and at a middle ground
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as the average error is 0,21% for the concerned methods (through marginal gaps and through recovery
potential).
To analyze in more detail the results of these tests, the mean square error between the final long-term
RR initially obtained and the final long-term RR obtained by the validation out of the sample is
calculated. The results are presented in the following figure.
Figure 52 Mean squares errors on final RR for the robustness tests

These tests verify that the methods are robust over time. In other terms, the goal is to verify that
long-term RR at delta point is stable over time even when the history is extended, and new observations
are added to the data set with no positive or negative chock identified. In fact, the 9 tested generations
don’t present extreme low or high recoveries in comparison with the recovery history. Thus, for a
consistent method, it is expected that error levels remain small. However, the errors are on average equal
to 1,41% for the forecasting through recovery speed, 1,11% for the forecasting through recovery
potential, 0,45% for the forecasting through marginal gaps, and finally 0,09% for the stochastic
forecasting. The stochastic method performs better results and confirms its robustness and
stability of its estimator over time.

Sensitivity test
The stochastic forecasting gives more conservative results in terms of long-term recovery rates and more
effectively performs robustness tests. Hence, this method is selected to calculate the final long-term
LGD for the portfolio studied. In practice, the implementation of an internal model to estimate the LGD
parameter requires its sensitivity level to be quantified to the eventual variations of the model’s
parameters. The stochastic forecasting is based on Ornstein-Uhlenbeck processes where the parameters
are the long-term average, the variance, and the mean-reversion speed. The sensitivity test aims to
evaluate the impact on the RR estimations when these parameters vary.
First, the impact of positive variations on the long-term average of the processes is estimated on the
triangle matrix completed and then the final RR of the portfolio.
Table 15 Impacts of positive variations on the average
of Ornstein-Uhlenbeck processes
Variation
+1%
+5%
+10%

Δ(Final RR) Δ(Triangle)
0,03%
0,001%
0,16%
0,005%
0,32%
0,010%
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Second, the long-term average of the Ornstein-Uhlenbeck processes are stressed through negative
variations. Then, the impact is quantified in terms of the triangle matrix and the final RR of the portfolio.
Table 16 Impacts of negative variations on the average
of Ornstein-Uhlenbeck processes
Variation
-1%
-5%
-10%

Δ(Final RR) Δ(Triangle)
-0,03%
-0,001%
-0,16%
-0,005%
-0,31%
-0,010%

The results are in line with the expectations. In fact, a positive variation of the long-term average of the
processes increases the final long-term RR as well as the forecasted values in the triangle matrix. On the
contrary, a negative variation of the averages decreases the diffused values and the final RR. Moreover,
a proportionality of the impacts is notified, as 1% of average variation leads to 0,0032% of impact on
the final RR and 5 times more for a 5% impact (5 ∗ 0,0032% ≈ 0,16%). The stochastic method
validates the sensitivity test for the long-term average.
More tests can be performed on the variance and mean reversion speed parameters. In addition, a stress
of the recovery triangle maybe considered where the parameters are shocked (absolute and/or relative
shocks) with high intensity to analyze the impact on the recovery levels predicted and the final LGD of
the portfolio.
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6. Final calibration of the LGD parameter
Given the previous test results in terms of conservativity, robustness, and sensitivity the stochastic
methodology of forecasting is observed to be performing well and with consistency in its estimations.
This method presents advantages in terms of risk management as the evolution of the model’s
parameters is controlled and stable in case of stable recovery context. The regulatory backtesting
exercises required can be easily performed by verifying the levels of the stochastic parameters over time.
Moreover, stress tests can be directly performed in the stochastic processes. In fact, the stochastic model
assumes that the recovery dynamic is dependent on the default generations for a given horizon. Then,
the Ornstein-Uhlenbeck processes can be performed by adding an economic component to the
equation which depends on economic variables (employment rate, GDP…), as the following .
8

𝑑𝑋3 = 𝜆 ∗ (𝜇 − 𝑋3 ) ∗ 𝑑𝑡 + N 𝑤f ∗ 𝐸f ∗ 𝑑𝑡 + 𝜎 ∗ 𝑑𝑊3
f

With 𝐸f economic variable considered as linked to the recovery dynamic of the portfolio and 𝑤f the
weights.
Thus, the stress test exercises can be achieved directly through the model by stressing the 𝐸f variables
using EBA scenarios for example. The stochastic forecasting gave an approach to fully integrate the
stress tests in the regulatory models.
Besides, to finalize the estimation of the regulatory LGD parameter for the portfolio considered, there
are some prudential aspects to consider with respect to Basel regulation. First, the recoveries estimated
by the forecasting method must be discounted and recovery fees must be included. Then, eventual low
cycles periods have to be included in the estimations. Finally, margins of prudence should be calculated
to cover the potential uncertainty of the model. In this case, the specific recovery fees for this portfolio
are not available - they are not considered in the estimation of the LGD parameter. The rest of the
regulatory requirements are considered in this part.

Discounting of the recoveries
The goal is to give an economic vision to the recoveries. In other words, for a contract in default at time
t, the discounting provides the actual value of each recovery (estimated by the forecasting method) as it
was observed today. The discounting rate chosen is prescribed by the EBA; two choices remains: the
contracts’ interest rate or a standardized rate defined as the risk-free rate with an added spread of 5%
(requirements given by the recent RTS text published in July 2016).
The rate chosen in this case is the risk-free rate plus a 5% spread. The currency of the portfolio
considered is euro, and the risk-free rate chosen is the Euribor 3 months. The date of application of these
rates can be either today or the date the contract went into default. The regulator hasn’t adjudicated on
this question, in fact the first choice gives a discounting vision according to the economic situation at
the credit granting moment. The second choice gives a discounting vision according to the present
economic situation. In fact, the RR and LGD estimations allow banks to predict their capital level for
the year to come, therefore these estimations are in line with the actual economic context. Then, it seems
preferable to consider risk free rate at actual levels. In other words, a loss on a given contract corresponds
to an amount of provisions or funds, to be leveraged today, where the discounting with actual rates
seems relevant.
To sum up, the discounting methodology uses a risk-free rate which is Euribor 3 months (values of the
10th September 2018) plus a spread of 5%.
Therefore, the marginal RR matrix is discounted to individually complete the unclosed contracts with
discounted recoveries at each maturity in default. Once the discounting of the matrix is finished and the
unclosed contracts are forecasted individually until the delta point, the cumulated RR is calculated for
each contract (closed and unclosed) and the final long-term RRs are estimated for each contract as well.
The final long-term recovery rate of the portfolio is the average of the individual contracts’ long-term
RRs which is equal to 65,89%.

This topic is extremely relevant in the Model Risk Measurement framework and a similar model has been discussed in the
CH&Co White Paper planned to be published in 2019: Model Risk Measurement | How to measure Model Risk?
8

71

© Global Research & Analytics Dept. | All rights reserved

Inclusion of the Downturn effects
The downturn effects are included in the long-term LGD estimation given by the stochastic forecasting
model. The main idea is to determine low cycle periods based on credit losses and recoveries histories.
This type of downturn consideration is mentioned in the IRB survey on a variety of methodologies to
define a downturn period. In fact, 17% of the benchmark presented define the downturn as the year(s)
with the highest observed realized LGD . The impact of the downturn on the LGD estimation is however
different from the regulatory requirements given by the final draft of the RTS, as it is intrinsically linked
to the model to avoid a consideration of an add-on to cover downturn effects.
9

6.2.1. Determination of low cycle periods
The Downturn is defined as the low cycle period where the recoveries level is low, due to an economic
situation or an internal recovery accident specific to the bank. The EBA regulation requires an estimate
of low cycle parameters to calculate the bank’s capital. The first step is to identify low cycle periods by
detecting conjunctural and economical effects that can lead to a degradation of the recovery flows.
The low cycle periods can be defined as the generations where the average speed recovery is low in
comparison with the rest of the generations in the data set. If the history is insufficient or nonrepresentative of the upcoming cycles, expert opinions or economic studies of different indicators (credit
market, inflation, employment rate, …) might be useful.
In this case, the low cycle periods are defined according to 2 criteria: periods with extremely low
recovery rates and periods with a decreasing recovery tendency.
First, for each default horizon extremely low recovery rates and the corresponding default generation
are identified. In fact, an extremely low recovery rate for a given RR series is a value below the threshold
(-MAD) where MAD is the mean absolute deviation of the series. The following formula clarifies this
definition:
𝑅𝑅f (𝑡) − 𝑅𝑅f (𝑡 − 1) < −𝑀𝐴𝐷[𝑅𝑅f ]
With i is the default maturity and t is the default generation.
The distribution of extremely low RR depending on the default generation is presented on the following
figure, scored yearly:
Figure 53 Distribution of extremely low RR depending on default generations

On average, the generation presenting the most extremely low RR is 2010. The confidence interval at
99,7% highlights the generations from the second semester of 2009 to the second semester 2 of 2010.

9

European Banking Authority [November 2018] page 26

« Final draft RTS on the specification of the nature, severity and duration of an economic downturn »
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Second, for each RR series the default generations with a decreasing recovery tendency RR are defined.
The following figures gives the distribution of the strongest decreasing recovery tendencies depending
on the default generation, scored yearly:
Figure 54 Distribution of decreasing recovery tendencies
depending on default generations

On average, the default generation with the strongest decreasing tendencies is 2010. The confidence
interval at 99,7% is from the second semester of 2009 to the first semester of 2010.
The low cycle periods defined in the analyses are almost the same. To be more conservative, the period
considered as low cycle is the period from the second semester of 2009 to the second semester of 2010
included.

6.2.2. Inclusion of the Downturn on the regulatory LGD computation –
First approach
The first approach considered to include the Downturn into the LGD estimations is to calibrate this
parameter on the low cycle period defined. In other words, the stochastic processes used for the
forecasting are calibrated on the entire data set available. Then, the downturn period is forecasted as it
was not observed, and the values obtained are compared with the initial values. The average gap
represents the Downturn effect and the margins to be applied on the initial forecasting. Indeed, the
calibration of the processes on the entire triangle observed assumes that the low cycle effects are
included. During the forecasting, the RR levels will be lower that the real observations. The effective
gap between the forecasting on the Downturn period and the real observations constitutes the margin to
be applied to the RR forecasted. In other words, the Downturn effect is included in the forecasting of
unclosed contracts and will have an impact on the global LGD. This approach includes the downturn to
the LGD parameter not as an add-on but as an intrinsic effect added in the calibration process.
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The following figure illustrates the first approach to include the Downturn effect to the regulatory LGD:
Figure 55 Illustration of the Downturn calibration for the first approach

The estimations give an average gap of -0,6% between the forecasting of the Downturn period and the
observed values in the initial triangle for the same period. On average, the forecasted RR are decreased
by 0,6% (in absolute) to include the low cycle period.
Then, the average RR at delta point for the portfolio concerned is 65,87%. This rate considers the
discounting at Euribor 3 months + 5% spread.

6.2.3. Inclusion of the Downturn on the regulatory LGD computation – Second
approach
The second idea is based on a discounting rate stress. Thus, the RR with Downturn is estimated by the
following formula:
𝑅𝑅8ð9}3g:} = 𝑀𝑖𝑛(𝑅𝑅(f+;ðg}3U<=PF¦Cë% ; 𝑅𝑅(f+;ðg}3U<=PF¦C0Ó% )
In fact, the spread used in the discounting rate is stressed and equals 10% instead of 5% initially. The
goal is to discount the RR using a more cautious rate and to compare the results to retain the more
conservative one. The application of this approach gives the following results, after 10 000 Monte-Carlo
simulations:
𝑅𝑅(f+;ðg}3U<=PF¦Cë% = 65,865% and 𝑅𝑅(f+;ðg}3U<=PF¦C0Ó% = 65,868%
The approaches presented to include the Downturn effect in the LGD estimation have similar results.
These two methods have similar impact on the LGD parameter. To be more conservative, one would
prefer the first approach.
The average RR at delta point for the portfolio after recovery discounting and inclusion of the
Downturn effect, is 65,87%.
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Margin of prudence estimation
The Basel regulation prescribes that the LGD calibration must be conservative to cover the inherent
uncertainty of the model. Margins of prudence are therefore required. The main idea is to guarantee a
conservative estimation of regulatory parameters which factors into the banks’ capital calculations.
The uncertainty of the LGD parameter can be manifested in different aspects: shallow depth of the
history, low data quality, model’s imprecision due to certain hypothesis, and natural volatility of the
estimators. The margin of prudence can be seen as a fixed level applied to the final LGD estimation and
thus estimated through expert opinions or as the quantile (90% / 95% / 99%) of the estimators’ volatility.
In this case, the margin of prudence is defined as the confidence interval of the cumulated RR volatility
at delta point. The confidence level used is 99,7%:
𝜎
𝜎
MMMM − 3 ∗
MMMM + 3 ∗
ó𝑅𝑅
÷
; 𝑅𝑅
√𝑛
√𝑛
MMMM the average cumulated RR at delta point estimated from the set of contracts in the portfolio
With 𝑅𝑅
concerned (after forecasting of the unclosed, discounting and inclusion of the Downturn effect), 𝜎 the
volatility’s variance and n the number of contracts in the portfolio.
The numeric interval is: [65,40%; 66,34%]. The margin of prudence equals to 3 ∗

õ
√}

(i.e. 0,47%) and

the RR with margin of prudence is the lowest limit of the interval, which is 65,40%. Then, the RR with
margin of prudence corresponds to a stochastic forecasting, discounted with Euribor 3 months + 5%
spread and includes the Downturn effect according to the first approach.
The final regulatory LGD estimated equals to 34,60%, which corresponds to a LGD for non-defaulted
assets using the stochastic forecasting method.
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Conclusion
This paper presents a different recovery forecasting methodology in terms of LGD parameters. The
model considers a dynamic where the recovery rate per horizon is dependent on the default generation
change. The results in comparison with three classical methods (based on Chain-Ladder) demonstrate
conservativism, robustness, stability over time, strength in case of data history extension and sensitivity.
The use of stochastic processes provides an opportunity to characterize the recovery triangle by precise
estimators: long-term average, variance and mean-reversion speed for each recovery time series. In fact,
these parameters can greatly facilitate the backtesting exercises as the verification of their stability over
time is a good indicator of the goodness of fit of the model.
Moreover, the ability to integrate economic variables into the recovery rate evolution allows for the
consideration of stress tests to be embedded directly into the model’s settings. Thus, the impact of stress
scenarios can be estimated through the stochastic processes.
Finally, the introduction of a vertical forecasting of the recovery triangle allows for the triangle to extend
beyond the generations observed and to provide a forward looking LGD parameter, by forecasting the
stochastic processes for futures generations. This aspect maybe considered as a response to the
regulatory requirements for purposes of IFRS9 to include the forward-looking impact in the credit risk
parameters. In fact, the LGD for the upcoming years can be easily predicted, as the vertical forecasting
considered for the recovery triangle has no limit.
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Abstract
Over the last fifty years, numbers and costs of natural disasters have not ceased
to multiply. Given this phenomenon, insurers and reinsurers struggle to cover
the associated losses. Consequently, they turned to financial markets in order
to obtain new hedging capabilities, by using various types of products, such
as excess of loss contracts (named XL) and cat bonds.
This paper presents a mathematic model allowing to predict the number and
the cost of incoming catastrophes. Data used include wind catastrophes
affecting the southeast area of the United States and whose damages are worth
more than a billion dollars. This model helps to price insurance risk transfer
products, such as XL contracts or cat bonds. First a regression relying on
neural network methodology is implemented in order to predict the global
annual cost of future catastrophes. Then, based on the same methodology, a
classification is done in order to allocate these costs to the various
catastrophes.
Our models are used to price several contracts included in the reinsurance
program of “Heritage Insurance,” so our results help estimate the share of
premiums received by the reinsurer. Two calculations methods are applied:
the exposure curve and the “burning cost” method.
Ours models are also validated on cat bond products, but this time using a
financial method. This method allows to estimate the share of the Expected
Excess Return (EER) depending of the Probability of First Loss (PFL) and the
Conditional Expected Loss (CEL).

Keywords: Natural disaster, XL contract, cat bond, sponsor, Special Purpose Vehicle (SPV), insurance
market, financials market, swap, zero-β asset, Sharpe Ratio, ACP, non-linear regression, classification,
neural network, multi-layers perceptron, training data, test data, linear regression, time series,
sensitivity
JEL Classification: G1, G22, C45, C52, C53
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Introduction
In 2013, natural disasters caused more than 25,000 deaths and economic damages in the world worth
more than 140 billion dollars (Sigma Re, 2014). Additionally, the fifth report from the intergovernmental
expert group on climate change claims that a raise of the intensity and frequency of natural disasters
should be expected. Consequently, costs associated to natural disasters may follow that trend. Currently,
only thirty percent of the damages caused by natural disasters are covered by insurance contracts. In this
context, the insurance world is looking for new hedging capabilities.
To meet the specific needs of liquidity, the insurance market looked towards the financial markets. In
1994, the first cat bonds were introduced on the “Chicago Board of Trade.” Indeed, financial markets
have an almost unlimited capacity, which means they can cover any costs generated by a catastrophe.
This difference of hedging capacity between these two markets is directly correlated to their size. For
instance comparing the size of the reinsurance market with the monetary and sovereign debt market
highlights the fact that financial markets are the solution for the insurance market. According to the
French Federation of the Insurance Companies, in 2011 the global volume of premiums for reinsurance
represented 220 billion dollars whereas the monetary and sovereign debt market was estimated at 8
trillion dollars.
However, natural disasters are hardly predictable as well as their associated costs. Consequently,
investors in financial markets are unwilling to invest in the insurance area since they are not used to this
practice. They are not ready to position themselves on products that they don’t understand and whose
valuation is not transparent. In order to fight against this opacity and to take into account the degree of
uncertainty linked to natural disasters, investors must be able to price insurance risk transfer products,
such as cat bonds.
That’s why our effort resulted in the development of a statistical model allowing to estimate and predict
the number and costs of future catastrophes; our whole models are constructed on public data. These
describe wind catastrophes from the southeast areas of the USA. Forecasts obtained through our models
are focused on this area and type of catastrophe in order to price insurance risk transfer products (XL
contracts or cat bonds). The model is highly inspired by the article “La survenue des catastrophes
naturelles: classification des variables explicatives par les réseaux de neurons” written by Rim Jenli,
Nouri Chtourou, Rochdi Feki and Damien Bazin in 2012. In this article, the authors try to predict the
number of natural disasters by leveraging neural networks.
First, this article presents the market of cat bonds, its operation and potential evolution. After describing
our modelling methodologies, results are used to price the reinsurance program of the company
“Heritage Property and Casualty” as well as their last cat bond.
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1. The Cat Bonds Market
The core principle behind insurance lies in the pooling of risks. Insurers provide insurance contracts and
are carriers of the risks. Some risks are well known by insurers, such as in the automotive sector, while
others are less mastered, for instance natural disasters risks. In a perspective of stabilizing their results,
insurers attempt to keep in their portfolios claims with a low severity and a high frequency since they
are easier to model. In the opposite way, they try to avoid claims with high severity and low frequency
since they are harder to model. Indeed, if a catastrophe of a high severity occurs in the year, costs related
to loss hedging will highly increase and this will impact results of the insurer. In order to limit this type
of risk, insurers rely on reinsurers. Reinsurance is insurance for insurance companies. The insurer
provides a portion of premium received to the reinsurer. These premiums cover situations whose
occurrence is rare and cost high. The reinsurer carries the risk instead of the insurer thanks to excess of
loss contracts (XL contracts). The figure below illustrates this situation.
Figure 56 Example of insurance risk transfer

XL Contracts & Cat Bonds
1.1.1. XL Contracts
An excess of loss contract, also called XL contract, is a risk transfer agreement between an insurer and
a reinsurer. The insurer pays a portion of its premiums to the reinsurer in order to help manage a part of
their potential losses. Following the occurrence of a claim, if the losses reach a given amount, called the
priority or retention, the reinsurer assumes the losses exceeding this amount up to a limit called the
scope. The figure bellow illustrates three various cases for a contract 30 XL 20 (in million dollars)
following the occurrence of a claim.
Figure 57 Example of a 30XL20 contract

The first case corresponds to the occurrence of a claim whose cost (60 million dollars) exceeds the scope
of the contract. The reinsurer carries the capacity of the contract (30 million dollars) instead of the
insurer. The insurer bears 30 million dollars which correspond to the sum of the priority (20 million
dollars) and the amount exceeding the scope (10 million dollars).
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The second case corresponds to a claim whose cost (30 million dollars) exceeds the priority of the
contract, but without reaching the scope. The insurer bears the retention (20 million dollars) and the
reinsurer assumes 10 million dollars which is the difference between the cost of the claim (30 million
dollars) and the retention (20 million dollars).
The last case corresponds to a claim which never reaches the priority of the contract. The insurer bears
the totality of the costs and the reinsurer is not involved.
Similarly to insurers, reinsurers try to transfer a part of the risks they carry. That is why they also use
XL contracts from other reinsurers. To compensate for their lack of funding they also turn to financial
markets and use products such as cat bonds.

1.1.2. Cat bond
Cat bonds (for catastrophes bonds) are bonds called “High Yield” which are mainly issued by insurance
or reinsurance companies. They work the same way as classic bonds with a close difference: the payment
of coupons and the nominal repayment is conditioned upon the occurrence of a certain type of
catastrophe in a certain area and determined duration. The repayment of the nominal can be partial or
total. This type of obligation allows insurance and reinsurance companies to transfer risks associated to
these exceptional events to third parties. This effectively reduces their own risk.
The basic operation of a cat bond is the following: The sponsor, i.e. the company that wishes to transfer
its risks, directly or indirectly issues a bond debt specifying the terms of repayment. In the indirect case,
the issuance is made via a special purpose vehicle (SPV).
The repayment term varies depending of the type of catastrophe, the area or the hedging duration
(generally between 1 and 5 years). The conditional repayment may concern either coupons, interest
payments or both simultaneously. On signing the contract, investors deposit the funds required for
purchase in a secured account. This amount is then blocked. The sponsor can access it only if the
triggering event (i.e. the natural disaster) occurs. In order to pay for this deposit, the sponsor pays interest
to the investors generated by the investment of the bond value. If during the hedging period, the
catastrophe on which the bond is indexed occurs, the funds are used to repay the damage generated by
the catastrophe. It is also possible and sometimes more interesting from a fiscal point of view to go
through an intermediate structure such as a special purpose vehicle (SPV) or a special purpose reinsurer
(SPR). The SPR provides to the insurer a standard reinsurance contract funded by the issuance of the
cat bond. The funds and the premiums paid by the insurer are invested in very low-risk assets. Investors
are only exposed to the risks that the insurer wishes to cover.
Figure 58 functioning of a cat bond

The figure above shows the functioning of an issuance via a SPV. The sponsor provides a portion of its
premium to the SPV, which issues bonds to the investors. The SPV uses the money from the investors
and the premiums from the sponsor to generate revenues. In parallel, it contracts a swap giving it access
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to a fixed income in order to pay the investors (coupons). If the catastrophe occurs, the SPV uses the
investor’s money to pay the sponsor.
Figure 59 Cat bond – Step by Step

The figure above summarizes the different steps in the life of a cat bond:
– Step 1 | The sponsor gives a share of its premiums to get a right of hedging. The SPV invests
this money in very low-risk and liquid assets. Additionally, it contracts a swap in order to
generate fixed income.
– Step 2 | As long as no catastrophe occurs, the SPV pays a coupon to the investors on which the
cat bond is indexed.
– Step 3 | If a catastrophe occurs whose cost covers the value of the bond, investors are no longer
paid and the sponsor receives the amount of the hedging from the SPV.

1.1.3. Trigger
The concept of catastrophe occurrence is defined by the cat bond trigger. There are different types:
– Indemnity trigger | These triggers correspond to the exceeding of a threshold of loss from the
sponsor. They limit the risk by ensuring the amount received to cover the losses incurred
deviates from the actual amount of losses.
– Trigger related to sectorial index | They are based on indices of catastrophe occurring in some
specific sectors. For instance, insurance-indices exist to represent the losses incurred by the
insurance industry.
– Trigger related to modeled indices | They are the weighting of sectorial indices.
– Parametric trigger | They are based on the level of some parameters such as the wind speed or
parametric indices which are a function of these parameters.
– Hybrid trigger | They are the combination of the previous triggers.
These triggers have various advantages, according to the relevant participants. The sponsor will rather
use indemnity triggers indexed on its real losses. Investors will rather use transparent triggers in order
to clearly estimate their amount of loss. Besides, they need to know as soon as possible the exact amount
of their losses. Indeed, they work in a short-term approach environment. In an indemnity context, the
process of loss estimation can last for a long period.

1.1.4. Differences between XL contracts and Cat bonds
Different elements distinguish traditional reinsurance from securitization of insurance risks. Traditional
reinsurance allows to cover almost all types of risks. Triggers used in traditional reinsurance are
indemnity triggers: payments of claims correspond to the actual losses of the sponsor. It is also possible
to perform reconstruction of guarantees. The price and the capacity covered remains uncertain over
several years. The reinsurer represents a counterparty, legal and operational risk for his client. Indeed,
the counterparty risk depends on the ability of the reinsurer to meet its commitments. On the contrary,
securitization of insurance risks is primarily devoted to natural disasters. Various types of triggers are
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used and may generate a basis risk. The price and the capacity covered are fixed over many years. Legal,
operational and counterparty risks are negligible.
The table below summarizes the main differences between traditional reinsurance and securitization
products such as cat bonds:
Figure 60 Differences between reinsurance and securitization of insurance risks

1.1.5. Modelling Agency
In order to price cat bonds, investors and reinsurers rely on the works of the three biggest modelling
agencies, namely RMS, EQE and AIR. Risk Management Solution (RMS), founded in 1988 at Stanford
University, helps insurers, financial markets, companies and administrations to estimate and take over
risks from natural disasters around the world. Established in 1994, EQECAT is a risk modelling
company delivering products and services to insurers, reinsurers and financial markets. Finally, AIR
Worldwide Corporation, founded in 1987, models the risk of natural disasters and terrorism in more
than 90 countries.
Although they use the same stochastic methods and approaches, and base this on the same data, these
three agencies often get different results. Given this discrepancy, investors and reinsurers will prefer one
of these three agencies depending of the type of the natural disaster and the area considered. As it shown
in Figure 61 between 1990 and 2007, most disasters involved floods, storms or epidemics.
Figure 61 Type of natural disasters in the world between 1990 and 2007
Source : http ://www.notre-planete.info/terre/risques naturels /catastrophes naturelles.php
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Figure 62 below shows the distribution in volume of cat bonds issued in 2009, depending on the
agency who modeled it. It is observed that AIR agency is the market leader.
Figure 62 Distribution of cat bonds modeled by agencies
Source : DUBREUIL E. [2010] "La titrisation des grands risques : Evolution ou Révolution
?"

Cat bonds markets: actors and their motivations
In order to understand the functioning of the cat bonds market, as well as its possible evolution, it is
important to analyze the motivations of the different players.
Insurers and reinsurers: As explained previously, insurers and reinsurers are looking for alternative
solutions to traditional reinsurance. Most of them seek mainly for an additional hedging capacity in
order to meet their commitments, specifically in extreme situations.
Financial markets work differently than the insurance market. On the latter, which is smaller, the
reputation effect to its customers is much more important. That is why, insurers and reinsurers need to
be sure that they can meet their commitments. Consequently, on financial markets they are ready to offer
coupons at a higher rate in order to give themselves the hedging capacity that will enable them to answer
their client’s needs.
Additionally, with the arrival of Solvency II, another advantage of the cat bonds is that they reduce the
capital needed as reserve requirements compared to traditional reinsurance. Indeed, reimbursements
from traditional reinsurance contracts depend on the reinsurer capacity to pay indemnities, whereas the
funds from the issued cat bonds is held at contract signature and can only be used to reimburse sponsor
losses. The securitization transaction implemented when issuing a cat bond helps to limit, or even
eliminate, the counterparty risk.
Investors: From the perspective of investors, cat bonds are attractive for many reasons. Their main
advantage, in portfolio managements, come from the fact that they are not correlated, in theory, with the
performance of financial markets (namely “zero-beta” assets). Indeed, the fall of a stock index won’t
cause any natural disasters, but the inverse relationship is uncertain. For instance, the occurrence of an
earthquake in a major metropolitan area will directly impact the economic and financial activities of a
country, and consequently financial markets. In a portfolio diversification goal, this type of product is
particularly sought after. Moreover, these bonds payout at higher rates than government bonds, and this
is especially interesting in the current financial environment where rates are low. Cat bonds allow to
increase significantly the ratio between profitability above the risk-free rate and the risk of financial
portfolios (namely Sharpe ratio).

Market size & perspective of evolution
Over the last fifty years, the number of natural disasters has increased drastically. A natural disaster is
an extreme climatic event. The classification of a climatic event such as a natural disaster and its
coverage varies by country. In France, for instance, a natural disaster is defined by an administrative
entity, with recognition by the Ministry of the Interior, and allows for the systematic compensation to
victims.
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The main reasons behind the increase in the number of natural disasters around the world are global
warming, pollution, greenhouse gases and climate cycles leading to devastating storms. However, these
findings must be nuanced. Indeed, the increase in the number of natural disasters is also due to the new
ways of measuring them. Thus, many disasters occurring in the middle of the ocean have been recorded
thanks to new technologies like satellites. Areas are also now more populated so if a disaster occurs in
these areas it will be recorded.
Figure 63 Number of disasters since 1950
Source : www.notreplanete.info/terre/risques naturels/catastrophes naturelles.php

Overall, the cost of damage generated by natural disasters has been multiplied by 5 over the last forty
years. Indeed, major disasters have occurred in developed countries where the advancements in
infrastructure and equipment has greatly increased the cost of damages.
Figure 64 Cost of natural disasters since 1950
Source : www.notre-planete.info/terre/risques naturels/catastrophes naturelles.php

The frequency and the cost of natural disasters became so high for insurance and reinsurance companies
that they needed to find new hedging capabilities. Catastrophes are more difficult to cover and the
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demand of insurance is increasing. The volume of insurance premiums tripled between 1990 and 2013,
from USD 84bn to USD 240bn. Insurers and reinsurers have been focusing on financial markets in order
to transfer a part of their risk, such as leveraging cat bonds, but this explosive growth in premiums does
not appear to be slowing down.
Figure 65 Comparison of markets volumes
Source : DUBREUIL E. [2010] "La titrisation des grands risques : Evolution ou Révolution
?"

Considering the market players, main issuers of cat bonds are reinsurers; but direct insurers represent a
significant share, as well as manufacturers and the government. For instance, in France, mains issuers
are Scor, AXA, Groupama and EDF.
On the side of investors, before the 2007 crisis, the distribution was approximately:
– 30% “cat funds” (investment funds specialized in natural disasters)
– 30% institutional investors
– 20% reinsurers
– The rest was divided between “Hedge funds” and mutual funds.
Since the crisis, the distribution has evolved:
– It is only 18% institutional investors and 13% reinsurers
– “Cat funds” represents now 40%
– “Hedged funds” are now approximatively at 30% whereas they were almost absent before the
crisis
Cat bond markets now show record volumes. The market of insurance securitization reached USD 23bn
in 2014. This market is mainly compromised of cat bonds, but alternative solutions of risk transfer also
exist. Moreover, transactions done on this market are mostly private, so it is complicated to estimate its
size. According to the estimation of Swiss Re, Goldman Sachs and Aon, the whole market represents
approximately USD 50bn and is expected to double within the next 5 years.
While focusing on the part of damage covered during the occurrence of natural disasters, it is observed
that only one third of the cost are supported by insurance companies. Consequently, it is still necessary
to find more hedging capabilities, leading many to believe that the size of the cat bonds market will keep
growing.
The access to products such as cat bonds is not the same for every country. On average, only 3% of the
damages due to a natural disaster are covered in developing countries. In order to facilitate the access to
the cat bonds market, the World Bank implemented a platform for issuance of cat bonds. It was created
in 2009 in partnership with Mexico, one of the most experienced country in risk management related to
natural disasters. This country issued several cat bonds to cover its risk of earthquakes in 2006. The
program, named “MultiCat,” allows governments and public entities to insure themselves on affordable
terms.
Although the number of players in the cat bonds market keeps growing, many obstacles hinder its
development. First, rating agencies, like Standard & Poor’s, don’t take into account all the advantages
of cat bonds, such as their high return or the diversification they bring in a portfolio as a zero-beta asset.
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The financial model approach used by rating agencies to assess the capital needed for insurance
companies doesn’t consider these advantages. The rating of cat bonds is capped at “BB,” which is
considered as speculative securities by Standard & Poor’s. Besides the solvency level of issuers is under
rated since it is the status (SPV) that is rated and not the entity.
Another restraint to the expansion of this market lies in the complexity of traded products. Indices or
models used for cat bonds are hard to understand. In theory, these indices must be transparent, simple,
viable and available and published by independent structure. In practice, they are very technical and
difficult for investors to understand. Lastly, difficulties arise from the lack of standardization of cat
bonds. Indeed, many are exchanged via the over-the-counter market, which creates opacity in
information.
In this context, the modelling of natural disasters and the pricing of insurance risk transfer products is a
major issue for all market players. Indeed, investors are not keen to buy cat bonds, whose characteristics
remain uncertain and unknown. That’s why this paper proposes a way to model and evaluate these
products in order to help investors.
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2. Wind catastrophes modelling in southeastern United States
In our model, we focus in wind catastrophes that happened in southeastern United States, because a
majority of recent cat bonds relate to this geographic area and this type of catastrophe. The model is
based on these data. It could have been set on another area or a different kind of catastrophe. The main
objective is to present a modelling tool that can be changed and used by investors in different contexts,
and for different geographic areas. We model frequency and severity of catastrophes and then we make
predictions about them for the next three years. The results are used in order to price reinsurance
contracts such as XL contracts and cat bonds. The selected data originated from the National Climatic
Data Center, include only wind catastrophe events (storm, hurricane, tornado) which lead to more than
1 Billion dollars of economic damages.

Overview of geographic context and historical data
Southeastern United States is an environment conducive to wind catastrophes for meteorological
reasons. It is a subtropical humid area. Annual temperature is above 15°C. Summers are hot and humid
because of the ascents of tropical air masses from Gulf of Mexico (average temperatures in July is above
22°C). Winters are mild thanks to the Gulf-Stream. In late summer, those regions are affected by storms
and hurricanes, including cyclones from the Antilles. This geographic area has thus been strongly
affected by meteorological catastrophes for several years.
Figure 66 Study area

The type of catastrophes and their intensities are varied. There are low intensity events like winter storms
that cause lower costs. Other events have higher intensity and generate much higher costs. For instance,
the category 4 hurricane Andrew that occurred in 1992 cost 46 billion dollars. Some storms have been
particularly violent such as the “Storm of Century” in 1993 also called “93 Super Storm.”
Data are composed of events that occurred during the period from 1980 to 2014. Those events seem
randomly spread over time, except for the 2004-2005 period. During this period, Florida has been
affected by 7 high intensity hurricanes. It has begun with the category 4 hurricane called Charley that
caused 21 billion dollars of damages. Then, category 2 hurricane Francis occurred, it is infamous for the
degradation of the NASA’s Kennedy Space Center. Only three weeks after, category 3 hurricane Jeanne
caused 9 billion dollars of damages and killed 4 people. Then, after the category 3 hurricane Denis, the
tragic hurricane Katrina occurred. It has been the most expensive and deadliest one. 1245 people died
and the costs reached 151 billion dollars. Winds sustained 280km/hour. Florida has then been affected
by two other hurricanes, Rita which was as big as Germany and Wilma that caused the closure of the
airport in Miami for several days.
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Modelling and prediction of annual costs
The model used in order to predict the annual costs of damages generated by wind catastrophes in the
southeastern United States is a non-linear regression based on an artificial neural network. The data used
in the model are economic and demographic ones such as the size of the population (number of persons
that may own goods to cover) and the house prices (can be assimilated with part of the amount of covered
goods). They help describe the evolution of the costs. Finally, the explanatory variables are:
– Number of citizens residing in the state of Florida
– Median wage of citizens in the state of Florida
– Real estate index
– Leading index (6-month forecast for growth rate)
– Federal income tax
– Federal income tax per citizen living in the state of Florida
– Percentage change of the Federal income tax per citizen living in the state of Florida
These variables are calculated on an annual basis. The dependent variable that we want to explain is the
annual costs of wind catastrophes on the southeastern United States.

2.2.1. Data analysis: principal component analysis (PCA)
In order to describe our explanatory variables, we have performed a principal component analysis. This
method consists of a reduction of dimensions in the data base. It allows to describe the existing links
between the quantitative variables that are used in the model.
These variables contribute to the construction of the axis of the principal component analysis. Indeed,
they correspond to linear combination of these different variables. Once the axes are obtained, the
cumulative costs of each year are then projected on the different axes.
In a first step, the correlation circle illustrates the variables that have contributed to the construction of
the axis. The proximity of the arrowheads with the circle indicates that the variables are well represented.
Figure 67 Correlation circle

The first axis is made up of the variables “Federal income tax” (25.1%), “Number of citizens residing
in the state of Florida” (25%), “Federal income tax per citizen living in the state of Florida” (25.2%)
and “Real estate index” (20.8%). The second axis is composed of “Percentage change of the Federal
income tax per citizen living in the state of Florida” (54.5%) and “Leading index” (43%). Thus, the first
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axis is made up of variables that describe the Florida economic situation at a point of time. The second
one takes into account the evolution of the economic index.
The next graphic illustrates how the annual costs are placed on these axes. Each point represents to the
cumulative costs in a year. Points 1 to 7 corresponds to the period 1991-1999 and the points 8 to 14 to
the period 2003 to 2013. The horizontal axis splits the annuals costs by decades: the points to the left
correspond to the nineties, the ones to the right represent the years after 2000. The first axis distinguished
the number of citizen as well: the more a point is on the right, the higher the number of citizens. The
level of costs is indicated by the vertical axis: the higher a point is on this axis, the higher the costs.
Figure 68 Annual costs according axis 1 and 2

The values of points’ cosine-squared allow to confirm the quality of representation of the points on the
two first dimensions. Indeed, for the 14 points, the sum of the cos is close to 1 (except for point 8, the
year 2003). It means that they are well represented by the two axes.
2

2.2.2. Modelling with the Artificial Neural Network method
A neural network corresponds to a combination of more or less complex elementary objects, called
neurons, allowing to handle non-linear problems. A neuron is a model characterized by an internal state,
input signals and a potential of activation. The latter is the weighted sum of the different input signals.
The input signals correspond to the explanatory variables for the first layer, and then to their
transformation due to the first layer for the second one, and so on. The result provided by each neuron
is then used by all the neurons of the next layer. There are different types of neural networks,
characterized by their architecture, the number of hidden layers, the number of neurons by layer, their
transfer function and by the type of result desired (continuous or categorical). The application of the
transfer function is what obtains the next layer of neurons.
We focus on the multi-layer perceptron that corresponds to a succession of hidden layers (generally one
or two). Within these layers, neurons are not linked, but they are linked to every neuron of the previous
layer and to those of the next one. The following drawing represents such a structure.
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Figure 69 Artificial Neural Network - Multi Layer Perceptron – Regression model

For instance, we describe a given path of the explanatory variable x . This variable goes from the input
layer to the first neuron of the first hidden layer (1). Within this neuron, the combination of x with all
the other explanatory variables lead to the creation of a new variable, through the activation function of
the neuron. The result is then sent to each neuron of the next hidden layer (2). Within each neuron, the
combination of this result and the results coming from the other neurons of the previous layer creates a
new value through the activation function. Finally, the different values obtained come together in the
last neuron, the output layer (3). The combination of these values through the transfer function allows
to obtain the estimated value of the dependent variable we want to predict. The variable x follows the
same type of path by getting through every neuron of the first hidden layer.
1

1

1

Figure 70 Illustration of a given path of an explanatory variable

As in the case of regression with one hidden layer composed of q neurons, the dependent variable to
explain is as follow:
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The coefficients are estimated so that the quadratic error is minimized.
}

}

min 𝐸𝑄(𝛼, 𝛽) = min N 𝐸𝑄f (𝛼, 𝛽) = min N˜𝑦f − 𝜙(𝑋; 𝛼, 𝛽)™
L,>

L,>

L,>

fU0

E

fU0

The minimum is determined by the assessment of the gradient by back-propagation. It is used to
calculate the derivatives of EQ(α,β)
𝜕𝐸𝑄f
= −2˜𝑦f − 𝜙 (𝑥f )™(𝛽r 𝑉f )𝑉Õ,f = 𝛿f 𝑉Õ,f
𝜕𝛽Õ
𝜕𝐸𝑄f
= −2˜𝑦f − 𝜙 (𝑥f )™(𝛽r 𝑉f )𝛽Õ 𝑓 r (𝛼Õr 𝑥f )𝑥f,¸ = 𝑠Õ,f 𝑥f,¸
𝜕𝛼Õ,¹
With 𝑉Õ,f = 𝑓˜𝛼Õ,Ó + 𝛼′Õ 𝑥f ™ 𝑒𝑡 𝑉f = C𝑉0,f , … , 𝑉‡,f D
The coefficients β correspond to the transfer function (output layer) and α to the activation functions of
the neurons of the hidden layers. The δ are the error terms corresponding to the last layer and the s are
the ones from the hidden layers. The two derivatives allow to obtain the back-propagation equation:
𝑠Õ,f = 𝑓′(𝛼′Õ 𝑥f )𝛽Õ 𝛿f
k

k,j

i

k,i

The terms of this equation are evaluated in two stages. A first estimation of the y is made. The obtained
values are compared with the real ones. It gives us the δ . The latter are then back-propagated and allow
to calculate the s . The evaluation of the gradients is then obtained. A gradient descent algorithm is used
to find the optimal coefficients.
i

i

k,i

}
¹C0
𝛽Õ

=

¹
𝛽Õ

− 𝜃¹ N
fU0
}

¹C0

¹

𝛼Õ,¸ = 𝛼Õ,¸ − 𝜃¹ N
fU0

𝜕𝐸𝑄f
𝜕𝛽Õ¹
𝜕𝐸𝑄f
¹
𝜕𝛽𝛼Õ,¸

𝜃¹C0 = 𝜖𝜃¹ , where 𝜖 ∈ ]0, 1[
The learning rate θ decreases according to the ε parameter in order to progressively refine the results
when the algorithm gets closer to a solution.

2.2.3. Application: Regression by neural network and predictions
The neural network method is used to define our model. In order to use the model as a predictor, we use
projections of the explanatory variables on the three next years, provided by the “Office of Economic
and Demographic Research.” For the variables “Real Estate index” and “Leading index” for which the
predictions are not available, we have projected them by time series methods using ARIMA models.
The latter help deal with non-stationary series after determining their level of integration (number of
time we have to differentiate the series to make it stationary).
The data finally obtained by combining the predictions provided by the “Office of Economic and
Demographic Research” and by the time series constitute the prediction base.
In order to determine the most relevant model, which means to determine the number of hidden layers,
number of neurons by layer, the complexity parameters (learning rate for instance), the database (except
predictions) is divided into two sub-bases: a learning base on which the model is calibrated and a test
base on which the model is tested.
The methodology used works as follows: the model is tested with different combinations of parameters
to determine the optimal parameters and then used to make the predictions of future annual costs. The
next graphic illustrates the different steps set up.
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Figure 71 Calibration methodology

For each combination of parameters, steps 1 to 3 are made in order to determine the final model that is
used as a predictor in steps 5 and 6:
– Step 1 | The model is calibrated on the learning base. This is the way the coefficients of the
model are estimated, conditionally to the parameters set.
– Step 2 | Once the model is calibrated, the explanatory variables of the test base that were not
used for the calibration are used as input. We then obtain the estimation of dependent variables
for the test base.
– Step 3 | The predicted values obtained on the test base are compared with the real values. The
mean square error (MSE) is then calculated:
}

1
𝐸𝑄𝑀 = J N(𝑦Kf − 𝑦f )E
𝑛
fU0

–

Step 4 | For each combination of parameters, steps 1 to 3 are made. The combination of
parameters finally chosen is the one that minimizes the mean square error.
– Step 5 | Once the parameters are chosen, the coefficients are estimated on the entire database
(combination of the learning sub-base and the test sub-base). This takes into account all the
information available before making the predictions.
– Step 6 | The model is then used to estimate the future values of the dependent variable. The
input variables are the prediction of the explanatory variables. They represent the prediction
base. The model used does not converge. But it converges on the mean value when 100
replications are made (In our case, 100 replications are sufficient for the mean to converge). The
obtained results correspond to the mean of all simulations of each year.
The most accurate results are obtained with a regression using a neural network composed of one hidden
layer with 27 neurons, having sigmoid functions as activation functions and a linear one as a transfer
function.
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The learning base is composed of data over the period 1991-2009, the test base on 2010-2013 and the
prediction base on 2014-2018. We do not have the data for the explanatory variables for 2014 (not yet
available) but we already know the annual cost of the wind catastrophes for this year, equal to 4 Billion
dollars. The fact that the prediction base has a known value allows to verify how well the model predicts
the first value. The next graphic illustrates the results obtained on the test base of the chosen model.

Figure 72 Results from the Test sub-base

On the learning base, the model almost perfectly reproduces the data, it presents a risk of over fitting.
Nevertheless, it remains the model most powerful for the test base. It is then retained.
The annual costs predicted for the year from 2014 to 2018 are:
Table 17 Forecasted costs

2014
2015
2016
2017
2018

Forecasted costs (USD bn) Observed costs (USD bn)
3,74
4
13,6
4,38
12,2
9,01
-

We notice that the first value is really close to the observed cost (3.74 and 4 Billion dollars).

2.2.4. Sensitivity of the model to explanatory variables
We are now conducting the analysis of the sensitivity of the chosen model to explanatory variables. It
helps identify the input variables that have a strong impact on the output of the model, but also the ones
that have less influence on these outputs. The sensitivity is measured by comparing the predictions of
the costs on the test base with and without each variable.
When the variables “Federal income tax”, “Number of citizens residing in the state of Florida”, “Federal
income tax per citizen living in the state of Florida” and “Median wage of citizen of the state of Florida”
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are successively taken out of the model, the effect on the prediction of the costs is similar. The costs
predicted with one of the variables out of the base have the same trends as the full model. However, the
estimation is less accurate, and the estimated values are less close to the real cost than when all
explanatory variables are used as input. Therefore, these four variables participate to the predicting
capacity of the model.
Figure 73 Sensitivity – Case 1

By taking out one by one the variables “Real Estate index” and “Percentage change of the Federal
income tax per citizen living in the state of Florida” of the database, the impact on the prediction of the
costs by the model is strong. Indeed, the order of the costs is preserved, but the order of magnitude is
not well predicted. Hence, these two variables help to distinguish the level of costs associated to the
catastrophes. By taking out these variables, the predicting power diminishes.
Figure 74 Sensitivity – Case 2
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By taking out the variable “Leading index,” the order of the predicted costs is not maintained. Indeed,
for the second year, without this variable, the predicted cost is higher than the one of the first year. It is
less high in the case where the database contains all the variables, and the real case. This variable
contributes to predicting the level of costs associated with the catastrophes.
Figure 75 Sensitivity – Case 3

Modelling and prediction of the annual number of catastrophes and of the
annual costs associated
The objective of this section is to allocate the annual costs provided by the previous model. To do so,
we set up a classification model using neural networks which aim to detect catastrophes. The explanatory
variables used are monthly meteorological measures:
– Average temperature
– Maximum temperature
– Minimum temperature index
– Precipitation index
– Heating Degree Days
– Cooling Degree Days
– Palmer Drought Severity Index
– Palmer Hydrological Drought Index
– Palmer Z-index
– Modified Palmer Drought Severity Index
– Land Temperature Anomalies (south hemisphere)
– Ocean Temperature Anomalies (south hemisphere)
– Land Temperature Anomalies (north hemisphere)
– Ocean Temperature Anomalies (north hemisphere)

2.3.1. Data analysis: principal component analysis (PCA)
In order to describe the explanatory variables of this second database, we have performed a principal
component analysis once again. For this one, 4 axes have to be utilized. Thus, the PCA is made on the
first four dimensions. The correlation circle below represents the variables on the first two axes. The
variable “Precipitations index” is located between the two axes. The two first dimensions do not allow
to take into account the effect of this variable. The latter highly contributes to axis 5, which is not kept.
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Figure 76 Correlation circle – Axis 1 & 2

Regarding the contribution of each axis, the first one is mainly composed of the variables “Cooling
Degree Days” (21.9%), “Average temperature” (21.8%) and “Maximum temperature” (21.1%). For the
second dimension, the main variables that constitute the axis are “Palmer Drought Severity Index”
(19.8%), “Palmer Hydrological Drought Index” (18%), “Modified Palmer Drought Severity Index”
(19.7%) and “Palmer Z-index” (12.3%).
The first axis takes into account the different temperatures (minimum, maximum, average). The second
one indicates the level of drought in the area. These two axes well distinguish the points by the level of
costs of the catastrophe. Indeed, the catastrophes to the far right are the ones that generated the largest
costs (orange and red points).
Figure 77 Representation of catastrophes according axis 1 & 2

The correlation circle for axes 3 and 4 indicates that one variable seems to be essential for axis 4:
“damages.” The quality of representation is very high because the arrowhead of the variable is on the
circle.
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Figure 78 Correlation circle – Axis 3 & 4

The third dimension is explained by the variables “Ocean Temperature Anomalies (north hemisphere)”
(20.2%), “Palmer Drought Severity Index” (13.04%), “Land Temperature Anomalies (south
hemisphere)” (20.8%), “Ocean Temperature Anomalies (south hemisphere)” (19.7%). The fourth
dimension is almost only comprised of the variable “damages” (99.3%).
On the following graphic, representing the PCA for axes 3 and 4, the points distinctly separate the
catastrophes by their cost with the x-axis. The less important catastrophes in terms of cost are at the
bottom (grey and black points) and the ones with a high cost are at the top.
Figure 79 Representation of catastrophes according axis 3 & 4

The values of points’ cosine-squared signifies the quality of representation of the points on the four
dimensions. Indeed, for 30 points among the 33 points, the sum of the cos is close to 1. This means
that they are well represented by the two axes.
2
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2.3.2. Application: Classification by neural network and predictions
We set up a nested model, using the results of the previous one. In order to avoid accumulating several
errors due to the forecasts of the explanatory variables using time series. Instead of predicting these
variables, we made a delayed in time model. We try to explain the occurrence of catastrophes, and their
layer of intensity, by the different measures taken 36 months prior.
The advantage of this method is that there is no need to make predictions of the explanatory variables
of the prevision base of this classification model.
Let’s explain the technique used. The traditional method consists of using the explanatory variables X
at the date t in order to explain and estimate the dependent variable Y at the same date t . For instance,
we have used this method for our first model.
0

0

Figure 80 Dependent variable according to the explanatory variables – Conventional
case

Now, for the second model, a time lag has been set up. The explanatory variables of the date t are used
to explain and estimate the dependent variable Y at the date t . The lag between these two dates is 36
months.
-1

0

Figure 81 Dependent variable according to the explanatory variables – Time delayed
case

This helps avoid errors by doing predictions of the future explanatory variables. Indeed, we use known
explanatory variables and we explain the dependent variable Y for the 36 next months in the future.
Figure 82 Forecast base in the case of a time delayed model

With the same objective as the first model, and with an aim of validation, the database is divided into
two sub-bases as well, a learning one and a test one. We keep the model with the highest share of correct
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predictions on the test sub-base. We consider a value well predicted if the catastrophe is seen in the
corresponding year and if its associated cost is in the same order of magnitude.
The chosen model is a classification neural network with one hidden layer composed of 35 neurons. The
neurons have a sigmoid function as activation function and as transfer function for the output layer as
well.
For a given month i, ∀ 𝑗 ∈ {1, … , 15} ∶ ,
𝑌`
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We have defined 15 levels of intensity for the natural catastrophes that constitute our database. This
intensity is taken for the costs generated by the catastrophes. The catastrophes obtained with the
classification are ordered by level of intensity in the output matrix. Moreover, the catastrophes are placed
according to the month, one line corresponds to a month. Each column corresponds to a neuron from
the output layer associated with a layer of intensity. The output layer is thus composed of 15 neurons.
The structure of the network is in the following form:

Figure 83 Artificial Neural Network – Classification model

In order to understand how the time placement of the catastrophes and their associated cost have been
determined, the output matrix Y has been dealt as follow.
The model does not converge, thus we make 100 successive simulations that give us 100 matrix Y. This
results in the average of the simulations and then helps obtain an estimator that converges.
The results come from a sigmoid function: its values are between 0 and 1. It is thus necessary to define
a criterion to determine of which value a catastrophe is detected. The threshold has been defined so that
the model predicts, on average, a good number of catastrophes on the test base. As a first step, the closest
value to 1 by line is kept, representing each month. Then, it is transformed into a 1 if this value is bigger
than the threshold. The chosen threshold is 0,3.
The drawing below presents an example of output for 6 months (Y from the test base corresponds in
fact to 36 months). It gives us an example of predicted catastrophes by the model.
The first matrix corresponds to the first simulation. In this case, a catastrophe of intensity 3 is predicted
at the second month, one of intensity 5 at the fifth month and one of intensity 7 at the third month. We
reiterate this simulation and we sum the results with the previous ones. Thus, in our example below, the
model predicts a catastrophe of intensity 3 at the second month and one of intensity 5 at the fifth month.
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This prediction has been made two times for the two iterations. It corresponds to situation A. In situation
B, the model does not predict any catastrophe in the first simulation but it detects one on the second
simulation. Finally, the model can predict a catastrophe during the first simulation (for instance at the
third month, with intensity 7), but none during the second simulation: this is situation C. B and C
complement one another. Between the first and the second simulation, the same catastrophe is detected,
for a different layer of intensity but they remain close (level 7 for the first and 6 for the second). We
sum the results of the 100 successive simulations. Moreover, for each simulation, we keep a record of
the total number of catastrophes detected during the period, regardless of the intensity level. It allows
us to calculate the average number of catastrophes on all simulations and then define the optimal
threshold abovementioned.
Figure 84 Methodology for detecting catastrophes and distributing costs – Step 1 to 3

The catastrophes are ordered based on the number of times they have been detected during the 100
simulations. We keep a number of catastrophes equal to the average number of catastrophes detected
during the 100 simulations.
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Figure 85 Methodology for detecting catastrophes and distributing costs – Step 3 to 4

In order to allocate the annual costs predicted by the first model to the different catastrophes detected
by the second one, each catastrophe that the model considers detected (where there is a 1 in the matrix)
is multiplied by the exponential of the number of its intensity layer. It improves the results on the
learning sub-base and on the test sub-base.
Figure 86 Methodology for detecting catastrophes and distributing costs – Step 4 to 5

The results are then normalized on the catastrophes that are detected on the same year in order to obtain
percentages of the annual cost that are going to be associated to each catastrophe. In this example, the
only catastrophes detected are on the first six months of the year. Finally, the annual cost, predicted by
the first model, is distributed according the percentages. In our example, the first model would have
predicted 20 Billion dollars of cost for this particular year.
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Figure 87 Methodology for detecting catastrophes and distributing costs – Step 5 to 7

Using this methodology, the part of well predicted values on the learning sub-base is 95.4% and 83.3%
on the test base.
On the learning base, 16 of 18 catastrophes on the period from 1980 to 2012 are detected. The order of
magnitude of the costs are acceptable for most of them.
Figure 88 Results from the Test sub-base – Classification model

On the test base, composed of the years from 2012 to 2015, the model predict a good number of
catastrophes. The location in time of the catastrophes is correct too because they all are in the right years.
Only one catastrophe is seen at the exact month but there is the right number of catastrophes per year,
and this is what we were looking for. The order of magnitude of the costs are good for all of the
catastrophes, except for the first one. We have to notice that there is only one catastrophe detected during
this year, so the model allocates all the annual cost predicted by the previous model to this catastrophe.
The difference of cost comes from the first model, not from a bad allocation made by the second model.
The results are satisfying.
Now, we use the data of the 36 last months of our database in order to make predictions for the three
next years, from July 2015 to June 2018.
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The model predicts 6 catastrophes that cost between 1.29 and 9.58 Billion dollars.
Figure 89 Forecasted catastrophes 2015-2018

2015 (1)
2015 (2)
2015 (3)
2015 (4)
2016
2018

Forecasted catastrophes (USD bn)
1,36
9,58
1,29
1,29
4,38
9,01

2.3.3. Sensitivity of the model to explanatory variables
We are now conducting the analysis of the sensitivity of the chosen model to explanatory variables, the
same way we did with the first model, by comparing the predictions on the test base with one explanatory
variable removed.
When the variable “Ocean Temperature Anomalies (north hemisphere)” is taken away from the base,
the performance of the model is better. The sensitivity analysis presented corresponds to the
sensitivities of the model readjusted after taking away this variable.
When the variables “Average temperature,” “Minimum temperature,” “Maximum temperature.,”
“Precipitations index,” “Palmer Drought Severity Index”, “Palmer Hydrological Drought Index” and
“Palmer Z-index” are successively taken away of the model, it underestimates the number of
catastrophes predicted. These variables allow improve the model and increase the number of
catastrophes detected. These variables are sensitive to the occurrence of a catastrophe.
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Figure 90 Sensitivity – Case 1

When the variables “Land Temperature Anomalies (south hemisphere)” and “Modified Palmer Drought
Severity Index” are removed from the database, the number of catastrophes predicted is similar to the
one with these variables. But by taking out the variable “Land Temperature Anomalies (north
hemisphere),” the costs are not well distributed among the catastrophes and the predicted catastrophes
are delayed in time. Indeed, the model estimates one catastrophe for the first year and three for the third
108

© Global Research & Analytics Dept. | All rights reserved
year whereas the model with the full database predicts one catastrophe per year for the two first years
and two for the last one.
Taking out the variable “Land Temperature Anomalies (south hemisphere)” leads to predict catastrophes
in a similar way that with the full database. So, we cannot conclude on the impact of this variable.
Figure 91 Sensitivity – Case 1
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3. Application to Heritage Insurance Company
Heritage Insurance is a public company based in Florida which is listed on the New York Stock
Exchange. It is one of the ten biggest insurance companies in the state of Florida regarding wind events.
In order to estimate the part of the costs generated by natural catastrophes that Heritage assumes, the
amount of premiums the ten biggest companies have received has been gathered and normalized. These
data stem from the investor presentation of Heritage insurance. This company represents around 10%
of the catastrophe insurance market of Florida, as the following graphic illustrates:
Figure 92 Heritage Insurance Company’s main competitors and market share

According to the website “Argus de l’assurance”, the average part of damages generated by catastrophes
that is insured worldwide was 30% in 2014 (34 of 113 Billions). Thereafter, the assumption of stability
of this percentage is made for the three next years.
Therefore, we make the assumption that Heritage insurance assumes 3% of the economic cost generated
by the natural catastrophes it insures.

Heritage Insurance Reinsurance program
The reinsurance program of Heritage Insurance for the period 2015-2016 is composed of 11 contracts.
These cover losses reaching 1.773 billion dollars. The program is divided into several layers. Within
layer 2, Heritage Insurance has taken part at 75% in contract 4 and at 15% in contracts 5, 6 and 7.
Figure 93 Heritage Insurance Company’s reinsurance program

Contract 1
Contract 2
Contract 3
Contract 4
Contract 5
Contract 6
Contract 7
Contract 8
Contract 9
Contract 10
Contract 11

Retention (USD m) Scope (USD m) Part of the contract
15
20
100%
35
119
100%
154
321
100%
360
200
15%
360
35
15%
360
650
15%
336
920
75%
475
150
100%
475
200
100%
5
50
100%
475
75
100%

There are no contracts which cover the claims with a very high cost. But it is offset by the fact that the
less costly claims are covered by more contracts than necessary: the contracts are multiplied. Therefore,
it “over-insures” the low costs claims in order to obtain liquidity to cover more costly claims.
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Figure 94 Heritage Insurance Company’s reinsurance program – Contracts’
illustration

For instance, as we can see on the following graphic, the occurrence of a catastrophe that generates 520
Million dollars of indemnity to be paid by Heritage Insurance triggers several contracts at the same time.
It allows Heritage Insurance to receive a coverage of 836.25 Million dollars. All the contracts are
triggered simultaneously, but only 5 of 11 are totally consumed.
Figure 95 Example of coverage

The total capacity of coverage of Heritage Insurance is consumed when the amount of indemnity to be
paid reaches 1.256 Billion dollars. Under our assumptions of market shares, it corresponds to a
catastrophe that generate 58.5 Billion dollars of economic damages.
This capacity of coverage is 1.773 Billion dollars, including 15 Million of retention.
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XL contract: pricing methods
In order to price the different types of risk transfer contracts included in the reinsurance program of
Heritage Insurance, there are several methods.
– Approximation using the Rate on Line | The Rate on Line corresponds to the ratio between
the premium of a contract and the covered capacity. It is calculated as the sum of the
probabilities of reaching the priority of the contract and its coverage limit. It can also be valued
as the inverse of the sum of return periods of events that generate damages reaching the priority
and the coverage limit of the contract.
𝑃𝑟𝑒𝑚𝑖𝑢𝑚
𝑅𝑜𝐿 =
𝑐𝑜𝑣𝑒𝑟𝑎𝑔𝑒 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦
ℙ(𝐿𝑜𝑠𝑠 ≥ 𝑝𝑟𝑖𝑜𝑟𝑖𝑡y) + ℙ(𝐿𝑜𝑠𝑠 ≥ 𝑐𝑜𝑣𝑒𝑟𝑎𝑔𝑒 𝑙𝑖𝑚𝑖𝑡)
𝑅𝑜𝐿 =
2
1
𝑅𝑜𝐿 =
𝑅𝑒𝑡𝑢𝑟𝑛 𝑃𝑒𝑟𝑖𝑜𝑑[𝑝𝑟𝑖𝑜𝑟𝑖𝑡y] + 𝑅𝑒𝑡𝑢𝑟𝑛 𝑃𝑒𝑟𝑖𝑜𝑑[𝑐𝑜𝑣𝑒𝑟𝑎𝑔𝑒 𝑙𝑖𝑚𝑖𝑡]
The premium is deduced from the RoL by multiplying the latter by the coverage capacity of the
contract. The key point resides in estimating the probabilities of reaching the priority and the
coverage limit of the contract. To do so, the traditional method in non-life insurance for low
frequency and high severity catastrophes consists of using a Pareto distribution to model the
costs and a negative binomial distribution for the frequency. Formerly, a Poisson distribution
was used for the frequency. However, the increased number of catastrophes led to change the
distribution because the equality E(Frequency)=Var(Frequency) is no longer consistent.
– Exposure curve | The exposure curve function, noted g, is the ratio between the premium of
the insurer and the base premium, g: [0,1]
[0,1]
𝔼(min(𝑋, 𝑐))
𝑔(𝑐) = 𝑃𝑟𝑒𝑚𝑖𝑢𝑚Ci_e; = 𝔼(𝑋|𝑋 > 𝑐) =
𝔼(𝑋)
𝑏𝑿𝑳𝑎 = (+∞𝑿𝑳𝑎 ) − (+∞𝑿𝑳(𝑎 + 𝑏))
𝑃𝑟𝑒𝑚𝑖𝑢𝑚Ò_e) = 𝑔(𝑎) − 𝑔(𝑎 + 𝑏)
With historical data, the function g is the value for a given threshold. Then, by making the
priority (the threshold) varying, the exposure curve is obtained. This prices the contracts.
– Burning cost | The last method presented, the burning cost, consists of calculating the average
part of claims’ costs in relation to the amount of premiums received each year, on a given time
period. It is a non-parametric approach; no assumptions need to be made.
𝐶¹ = N

'ç
fU0
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𝐶¹ corresponds to the amount covered during the year j by the XL contract.
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This method is going to be used with our forecasts instead of our historic. The results will be compared
to the one obtained with the exposure curve calibrated on historical data. The growth scenario used in
order to estimate the future premiums received of Heritage Insurance is based on the historic growth of
Heritage. Heritage has experienced significant growth over the last years. It is assumed that this
expansion will continue during the next few years, but progressively in a less important way. The
forecasts’ amounts of received premiums are:
Figure 96 Premiums’ forecasts
Premiums (USD m)

2012
43

2013
219

2014
436

2015
542

2016
573

2017
581

2018
583
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Application: Heritage Insurance reinsurance program
Figure 97 Pricing of the reinsurance program of Heritage Insurance Company

Contract 1
Contract 2
Contract 3
Contract 4
Contract 5
Contract 6
Contract 7
Contract 8
Contract 9
Contract 10
Contract 11

Retention (USD m)

Coverage capacity
(USD m)

Part of the contract

15
35
154
360
360
360
336
475
475
5
475

20
119
321
200
35
650
920
150
200
50
75

100%
100%
100%
15%
15%
15%
75%
100%
100%
100%
100%

Premiums (Exposure Premiums (Burning cost
curve)
based on forecast)
1,40%
4,90%
7,03%
0,41%
0,08%
1,22%
8,60%
1,79%
2,39%
3,19%
0,90%

1,50%
8,38%
6,34%
0,00%
0,00%
0,00%
0,00%
0,00%
0,00%
3,75%
0,00%

The calculation of the expected losses, based on our predictions, are point estimations and can be
completed. Indeed, the results obtained with our models correspond to the averages of several
simulations. These different simulations are used in order to determine the error distributions per year.
From a reinsurer perspective that wishes to know if the rate of ceded premiums is satisfactory on
average, the predictions are adjusted. The average positive error of the simulation, by year, is added to
the predicted costs for each catastrophe. Only the unfavorable cases are taken into account. The average
of the positive error is then added to the catastrophes. To do so, the probability that the cost associated
to each year is underestimate is calculated, based on simulations, and the average error (in percentage)
in this situation is deduced. Both parameters are multiplied and added to the cost of the predicted
catastrophes.
)¹g+3®(

𝐶𝑜𝑠𝑡;)3)+3:ð¸ñ®ijkl = 𝐶𝑜𝑠𝑡;)3)+3:ð¸ñ®ijkl ∗ {1 + 𝔼(𝜀|𝜀 > 0) ∗ ℙ(𝜀 > 0)}
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Where ε represents the error of predictions of the total cost of the year when the catastrophe happened.
The following table compares the results obtained with the exposure curve based on historic and the
ones with the burning cost method based on adjusted predictions.
Figure 98 Pricing of the reinsurance program of Heritage Insurance Company –
Adjusted costs

Contract 1
Contract 2
Contract 3
Contract 4
Contract 5
Contract 6
Contract 7
Contract 8
Contract 9
Contract 10
Contract 11

Retention (USD m)

Coverage capacity
(USD m)

15
35
154
360
360
360
336
475
475
5
475
Total
+15 (retention)

20
119
321
200
35
650
920
150
200
50
75
1758
1773

Part of the contract
100%
100%
100%
15%
15%
15%
75%
100%
100%
100%
100%

Premiums (Exposure Premiums (Burning cost
curve)
based on forecast)
1,40%
4,90%
7,03%
0,41%
0,08%
1,22%
8,60%
1,79%
2,39%
3,19%
0,90%
31,91%

1,50%
8,93%
14,47%
0,46%
0,26%
0,46%
3,19%
0,00%
0,00%
3,75%
0,00%
33,02%
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Figure 99 Pricing of the reinsurance program of Heritage Insurance Company –
Illustration

In 2013, the premiums part ceded by Heritage Insurance in order to set up its reinsurance program was
32%. In 2014, it was 28.2%.
Figure 100 Ceded premiums by Heritage Insurance Company

By using the exposure curve method, the estimated part of ceded premiums is 31.91% for the year 2015.
With the burning cost method on the adjusted predictions, the obtained part is 33.02% whereas it was
only 19.97% when it was calculated on point predictions. Although the distribution is quite different
between the two methods, the estimations of ceded premiums ratios, 31.91% and 33.02% are in an
acceptable order of magnitude (around 30%).
The predictions obtained with our neural network models allow us to approximate the part of ceded
premiums necessary to set up the reinsurance program of Heritage Insurance. But results have to be
moderated. Indeed, the part of ceded premiums by contract is not available: it is a private information.
Even though the sum of ceded premiums is in an acceptable order of magnitude, it is impossible to verify
if the distribution made by our model is relevant.

Pricing of the last cat bond issued by Heritage Insurance
After the pricing of XL contracts, the valuation of the last cat bond issued by Heritage Insurance is
made. This second product helps submit our predictions to a new validation test. The aim is to verify
that this modelling can be used to provide good indications to investors regarding the prices of cat bonds
in which they are going to invest.
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3.4.1. Pricing methods for cat bonds
Since one of the goals is to price cat bonds from an investor’s perspective, it is important to bring this
product closer to financial markets products. Some financial products, especially the ones that cover
credit risk, are similar to cat bonds. It is then possible to use pricing methods that are common on
financial markets, in particular on the bond market, to price cat bonds.
As a first step, different methods of pricing proposed in scientific literature are presented, based on the
note of Arthur Charpentier “Titrisation des risques catastrophes: les cat bonds de septembre 2002”. In
the second step, one of these methods is applied to public data.
– Actuarial method | First, the actuarial method consists of assuming there is no free lunch. In
this context, the price of the product is the sum of the adjusted future cash flows. The cash flows
being random, the expected value has to be established, under a risk neutral probability. It
consists of not using the historical probabilities of catastrophes occurrences but theoretical
probabilities, in order to estimate the expected value. These probabilities make investors
indifferent between putting their money in the bank with no risk or invest in cat bonds.
m

𝑉Ó = 𝔼 ÌN
ÕU0

𝑐 (𝑘)
Î
1 + 𝑟(𝑘)

–

Financial method | Another method applicable is the financial method. It corresponds to a
method used on financial markets in order to value credit products such as CBO/CLO. It consists
of determining the part of the expected return that is above the risk free rate (EER: Expected
Excess Return) depending on the probability of occurrence (PFL: Probability of First Loss) and
the expected loss given occurrence (CEL: Conditional Expected Loss). Morton Lane has
illustrated this method (2000). Based on data from cat bonds issued during the period 19992000, he tried to build a linear model in order to link EER, PFL and CEL.
Based on the financial method logic, a linear model has been built, using recent available data from the
website “artemis” which provides detailed descriptions of all cat bonds issued. The variables used in the
linear regression are not the same that Morton Lane used but some are similar: attachment probability,
exhaustion probability and expected loss (EL).
The final linear model that we obtained using data of the 30 last cat bonds issued is:
𝐸𝐸𝑅 = 0,0233 + 1,3807 ∗ 𝐸𝐿
With adjusted-R2 equal to 95% and both coefficients significantly different from 0 with all usual
threshold percentages (10%, 5%, 1%). The model has the advantage of being simple, only the expected
loss of each layer of the cat bond has to be valued in order to price the cat bond. It also has a really high
adjusted-R2, meaning that the variable EL well explains the levels of cat bonds’ coupons.
Figure 101 Cat bonds’ coupons – Estimations vs. Observations
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3.4.2. Application to the last Cat bond issued by Heritage Insurance
The cat bond studied here has been issued by Heritage Property and Casualty Insurance Company in
April 2015 and took effect in June 2015 for a 3 years’ duration. It covers storms in the USA up to 277.5
million dollars. Initially, it only covered Florida. The trigger is an indemnity type, indexed on economic
losses. The modelling agencies AIR Worldwide has been called for the valuation of covered disasters.
The cat bond is split in three layers:
– Layer A | It is considered as the least risky. It activates at 410 million dollars of losses and
covers up to 610 million dollars of losses.
– Layer B | It activates at 336 million dollars of losses and has a capacity of 650 million dollars.
Its scope is of 986 million dollars.
– Layer C | It is considered as the riskiest. It activates at 336 million dollar of losses and covers
up to 536 million dollars of losses. So it has a capacity of 200 million dollars.
Layer A is the least risky because its threshold of activation is the highest. It is less likely to be used
than layer B or C. Layer B activates at the same threshold as layer C but has a higher capacity so it is
less likely to be fully consumed. Layer B is considered as less risky than layer C.
To do the comparison, the study focuses on initial coupons, which means cat bonds that only cover
storms in Florida. The final coupons are of the same order of magnitude as the initial.
Forecasts obtained thanks to our neural network models are used in order to deduce the expected losses
on each layer. These losses are compared to expected losses forecasted by AIR Worldwide, the agency
who modeled this cat bond.
Once the expected losses are estimated, the linear model gives the following prices:
Figure 102 Cat bond pricing using various methods

Layer A
Layer B
Layer C

Coupon
4,75%
6,00%
9,00%

AIR
3,92%
5,60%
9,21%

Neural Networks
2,71%
2,83%
4,17%

Using the expected losses estimated by AIR, an idea of the coupon’s order of magnitude is given.
Considering our forecasts, expected losses are lower than AIR which results in obtaining coupons half
priced.
As with the modelling of XL contracts, calculations are regenerated using forecasts adjusted with the
mean positive error. Thanks to these new costs, expected losses are estimated and the following coupons
are obtained.
Figure 103 Cat bond pricing taking into account the positive error

Layer A
Layer B
Layer C

Neural Networks
5,58%
5,16%
9,90%

Increasing the cost of disasters activates all layers, the coupon level difference is made on the capacities
which reverse the order of layer A and B. Indeed, triggering probabilities of each layer is very close, the
difference comes from the completion probability of each layer. Consequently, layer B appears as the
least risky. Besides, the coupons obtained for layer A and C is higher than the real coupons.
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Figure 104 Range of coupons

Layer A
Layer B
Layer C

Low limit
2,71%
2,83%
4,17%

High limit
5,58%
5,16%
9,90%

If we assume that values of obtained coupons help define the range of the real coupons, then coupons
of layer A are in the middle of its range, coupons of layer B are just above its upper bound, and the ones
of layer C are nearly equal to its upper bound. From an investor’s perspective, based on these intervals,
layer A doesn’t look interesting, but layer B and C are attractive: they deliver coupons corresponding to
unfavorable scenarios or even worse for layer B.
Figure 105 Real coupons and their estimated range
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Conclusion
All stakeholders directly or indirectly linked with a financial institution widely use risk management
Value-at-Risk to know how to deal with uncertain event. The elegance of VaR is that it summarizes in
a unique number the following statement: “I am X percent certain there will not be a loss more than an
amount of euros or % of my asset under management in the next n days.”
In the Basel III regulation, VaR should meet two objectives. The first one is an indicator to control risk
taken by the institution and the second one is to calculate capital requirement to cover unexpected losses.
Nevertheless, this single number providing an estimated level of risks, needs to be completed with more
analysis to explain the results. VaR is just a quantitative level and does not provide information on
qualitative consequences. As VaR provides conclusions in normal financial conditions, it could miss
extreme scenarios. The recent financial history shows that VaR could not anticipate the Global Financial
Crisis (GFC). Thus, financial institutions may under estimate the risk when considering only the VaR
indicators.
Unfortunately, in the extreme scenarios or stress-tests scenarios losses could be massive. The main issue
is that VaR gives an incomplete understanding of maximum possible losses, it just gives an alert. The
99% losses included in VaR do not say anything about the size of the losses within 1% of the trading
cases. The challenge for banks is now to have the best estimator of the unexpected loss such as the
Expected Shortfall to forecast more precisely the potential maximal losses. But as the expected Shortfall
is based on few observations the limits are revealed inside the estimator itself which should not be robust
enough to reflect the market trend. And even if the estimator can be used as a robust one then the main
question will be which statistical method is reliable to backtest this ES. This problematic can be the
subject of a next dedicated whitepaper which will aim to test some statistical and pragmatic assumptions
to provide a best estimation of the Expected shortfall.
It is essential to complete the technical analysis provided by the VaR with an efficient framework,
policies and governance of risk including committees, documentation, limits, backtests and guidelines.
In deed and in addition to this governance, it is important to have a sound knowledge of risk exposure
by the report of some risk drivers indicators to have a better understanding and estimation of potential
losses. Indicators such as profit & losses, impacts on capital requirement, risk appetite, exposure
indicators can be relevant to complete the information. Besides the Stress-tests and Expected Shortfalls
analyses are also important in the regulatory framework as it allows to highlight uncertain but possible
extremes events which can have huge impact on the capital requirement of the banks.
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Comments on the “Standardised Measurement Approach for operational
risk – Consultative Document”

Abstract
CH&Co provides a response to the Basel Committee on Banking
Supervision’s consultative document based on the public data communicated
by the Bank for International Settlements.
Our comments represent an open response including different lines of thought.
However, the proposals should not be considered as final solutions but as a
strong willingness on the part of CH&Co to open the debate about the
Standardised Measurement Approach and to challenge the topics that seem
relevant to us. We aim at identifying potential limits and weaknesses,
providing alternatives and possible area for improvements. The proposals
presented in this document are complementary, as they provide different
visions and area for improvements within the SMA methodology.
Our comments relate to 3 areas:
-

SMA method inputs: specific analysis of the internal losses data
SMA method components: specific analysis of the LC
Capital calculation methodology: specific analysis of the SMA
formula

Our comments are based on the market practices we have observed over
several years concerning the measurement and management of operational
risk. They also reflect constructive ongoing discussions with banking actors
on this subject.
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1. Inclusion of internal data considering the SMA methodology
The present section summarizes our comments, not on the formula itself, but on its inputs, the data
losses.

1.1. Definition of a prevailing reference date
1.1.1. Findings & general comments
Our analysis of the Standardised Measurement Approach has allowed us to identify limits and
weaknesses of the methodology, and we have tried to provide potential alternatives. However, a question
about the losses reference date remains unanswered and we welcome this opportunity to seek clarity.
As described in the Consultative Document, the Loss Component (LC) is defined as the weighted sum
of average losses registered by a given bank in its loss data history.
Following our understanding of the LC description, two types of loss events are collected to build up
the loss data history: provisions on expected loss generating events and observed losses on Operational
Risk incidents. The Committee indicates each loss – whether observed or provisioned – shall be
registered with occurrence, accounting and reporting dates as a data quality standard.
When computing the LC, the Committee specifies the date of accounting is the reference date for
provisions on expected losses. Though, when integrating observed losses to calculate the LC, banks are
free to choose either the reporting or accounting date as a reference date.

1.1.2. Solutions & proposed alternatives
This open-ended choice skews the LC computation. Indeed, the chosen reference date will necessarily
vary across banks. Yet, the Basel Committee specifically signalled its willingness to promote
transparency through a standardised and homogenous framework for Operational Risk Measurement
across European financial institutions.
Therefore the prevailing type of reference date should be clearly specified and applicable to all banks
for any type of loss events.
As the accounting date is mentioned as relevant for provisions, this could be prevailing for all eligible
loss events to the LC computation registered in the data history.
To be consistent with this suggestion, CH&Co suggests the reference date should be the accounting date
for any type of loss events in the following suggestions and analysis.

1.2. Internal data collection: period of observation and data homogeneity
The SMA methodology uses internal data to compute two key components of the operational risk capital
requirement for a given bank. The Loss Component (LC) uses a 5- to 10-year history (depending on the
available collected data) of provisioned and observed losses; the Business Indicator Component (BIC)
is an accounting index considered as a modified version of the bank’s Gross Income on a 5-year
observation period.
First of all, CH&Co wishes to underline the relevance of the inclusion of internal data to the SMA
Capital methodology. The use of internal loss and revenues data history helps to properly define the risk
profile of a given bank from its past experience. This is greatly beneficial when estimating and
calculating a fair amount of capital requirements since the SMA Capital computation is based on the BI
to LC ratio. Furthermore, it forces financial institutions to set high quality collection standards that are
in everyone’s best interest.
Nevertheless, from CH&Co’s understanding of BCBS’ consultative document (CD), there is still room
for adjustment and improvement of internal data treatment and inclusion in the SMA methodology.
Our comments and suggestions are detailed below. These aim at enhancing the Committee’s SMA
methodology, considering its willingness to provide for a more risk-sensitive and comparable
Operational Risk measurement approach.
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1.2.1. Findings & general comments
1. Qualitative heterogeneity (considering a 10-year loss data history)
In principle, the reported loss profile gets more precise over time. Indeed, banks should get to benefit
from a “learning effect” over time, enhancing their data collection and treatment standards. This should
enable them to fine-tune their internal data quality over time, meaning data collected in year 10 should
be more qualified and of a higher qualitative standard than data collected in year 1.
This means that when computing loss and provision amounts across a 10-year history, the LC aggregates
amounts of varying quality. This will particularly be the case for banks starting to collect loss events
following the application of the new SMA. Indeed, they are likely to be less mature in their data
collection and treatment practices.
On this specific point, it is crucial to mention the detrimental side-effects of the integration of such a
long period of observation in the SMA Capital computation. Indeed, this can lead to the inclusion and
aggregation of data with a heterogeneous level of quality and uncomparable losses. Also, the evolution
of the OR framework may render collected data from the remote past obsolete or irrelevant.
The representativeness issue mentioned above questions the relevancy of the inclusion of loss events
from the remote past (> 5 years) to support the estimation and computation of OR Capital Requirements.
As an illustration, should we consider that a severe loss happening 5 years ago is still representative of
the bank’s risk profile? If we consider that the business organization has changed or perhaps, the activity
where the event occurred does not exist anymore (e.g. in case of a major fraud), then this would be
irrelevant.
Yet, CH&Co considers that, in theory, the longer the observation period, the more precise and accurate
the definition of the bank’s risk profile.
Indeed, it seems to CH&Co that the major bias when considering data heterogeneity lies with the
restriction of using internal data only. There are alternatives to overcome this limitation and complete
the loss data history with external data, especially for loss events dating back more than 5 years.
2. Risk of arbitrage in data loss collection
Moreover, limiting the observation period to 5 years (under specific circumstances, though not specified
in the CD) could possibly give banks the opportunity to decide upon the exclusion of part of their loss
data history (i.e. losses > 5 years). This would be all the more detrimental as banks could be particularly
tempted to arbitrate loss events that occurred during the financial crisis.
These decisions would therefore be driven by capital optimization considerations. Such practices appear
to conflict with the terms and intent of the Committee. From CH&Co’s point of view, this is not
promoting a more risk-sensitive and comparable approach. Furthermore, there is no specific rule to
incentivize banks to use a 10-year over a 5-year loss observation period, opening the way for possible
arbitrage of part of the internal data history.
3. “History mismatch” within the LC/BIC ratio
As described in the CD, the Internal Loss Multiplier (ILM factor) is a core component of the SMA
Capital Requirements computation. The ILM factor basically relies on the LC/BIC ratio .
Yet the observation period of both LC and BIC indicators are not aligned. It is respectively defined as 5
to 10 years for the LC and 3 years for the BIC. Thus, the ratio is skewed, biasing the ILM computation,
as it does not capture the same observed period at the numerator and denominator.
From CH&Co’s view, these 3 major limits illustrate there is still room for improvement in internal data
inclusion requirements to provide for a more comparative and risk-sensitive approach of Operational
Risk quantification and monitoring.
10

10

11

11

For banks belonging to BI buckets 2 to 5 (see Consultative Document, §35 p. 7)
From BCBS Consultative Document, §31 pp. 6-7
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1.2.2. Solutions & proposed alternatives
1. Align both BI and LC observation periods
The alignment of the depth of data history seems important to ensure the soundness and robustness of
this standard on the long-term. Whatever the chosen observation period, the standard should be the same
for both BIC and LC data history.
Furthermore, the definition of a long-term and sound standard should prevail. CH&Co understands there
are clear discrepancies between banks in terms of maturity in operational risk data collection and
treatment. AMA banks should be particularly advanced in terms of data history compared to non-AMA.
CH&Co understands the definition of common and realistic standards in data collection and treatment
practices across all European financial institutions is a real challenge for the Committee. Indeed, as
mentioned above, banks will not start with the same maturity and quality of internal data.
In terms of the BIC data history, the reviewed definition of the BIC computation will necessarily force
banks to recalculate the BI pre-2016 to comply with the mandatory BIC observation period. In practice,
this can burden banks with additional computations.
In terms of the loss data history, some banks do not hold a 10-year internal data history (loss events),
which also requires a significant effort in the long-term in terms of both completeness and quality of the
data collection.
To complete the latter proposal, CH&Co suggests the following complementary remarks. These aim at
providing for a realistic balance between the soundness of internal data history and realism considering
the different maturity degree of the banking industry in terms of loss collection and BIC calculation.
2. Define clear calendar and guidelines to build up the internal data history
Define a calendar with intermediary milestones to build up a sound and qualitative internal data history.
Considering the implementation of the reviewed SMA methodology in 2018,
-

Require a minimum of a 5-year observation period for both LC and BIC data.
From 2018 on, each bank using less than 10-year of data history will have to incrementally
complete its history each year.

This means that every bank should have a 10-year internal data base from 2023 on.
3. Complete the internal database with additional data
Considering the alignment of both LC and BI observation periods to 5 years is a viable alternative, but
there would still be a major condition to guarantee the robustness of the methodology. Indeed, each bank
would have to ensure its 5-year internal loss history is representative of it loss distribution profile.
To tackle this specific requirement, CH&Co would recommend to complete the data loss history, in
particular, considering loss events, the probability of occurrence of which is comprised between 5 and
10 years.
To this end, CH&Co suggests to capitalize on AMA banks current practices and complete the internal
loss data history with 2 types of data:
-

-

Simulated data obtained via internal scenarios based on internal expertise (following the
example of the EBA stress-test exercises) or projections of expected losses and revenues. The
parameters and guidelines supporting the scenarios and/or projections methodology could be
defined or at least validated by the Committee.
External data sourced from external database (only to complete the loss data history).

Finally, CH&Co specifies that the inclusion of low-frequency loss scenario would only be possible upon
definition of a standardized methodology, applicable for all European banks. This could ensure both
comparability of the resulting simulations across banks and viability of these scenarios over time.
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1.3. Definition of the de-minimis gross loss threshold
The Basel Committee assumes that a threshold shall be applied and properly calibrated when collecting
loss data to ensure the comprehensive capture of Operational Risk. This de-minims gross loss threshold
cannot exceed 10 K€ for banks with an existing loss data history.
CH&Co supports this suggestion and understands the Committee is willing to promote an efficient data
collection approach, where banks should properly calibrate their reporting threshold to optimise data
collection and treatment.

1.3.1. Findings & general comments
However, the current definition is open-ended and does not specify methodological guidelines to set this
threshold. This open-ended de-minims gross loss threshold could possibly lead to unintended
consequences. Indeed, the inappropriate calibration of the threshold might affect the quality of data
collection. On the one hand, an exceedingly low threshold might involve the collection of every single
incident and consequently limit the OR system efficiency (time-consuming collection). On the other
hand, an exceedingly high threshold can prejudice the efficiency of the OR framework in neglecting
important risk situations and/or area.

1.3.2. Solutions & proposed alternatives
From CH&Co’s understanding of the Committee’s proposal and objectives, there should be 3 major
guidelines to define properly this de-minims gross loss threshold.
The threshold should be defined as a materiality or risk tolerance threshold. This means that it should
basically be illustrative of the loss distribution profile of each bank and to its risk appetite. This is also
consistent with the Committee’s proposal where each bank needs to define its specific threshold.
CH&Co believes it could also be an opportunity to align these limits on the Risk Appetite Framework
to promote consistency and soundness in the definition of the de-minimis gross loss thresholds.
CH&Co suggests the definition and implementation of two types of thresholds:
-

A reporting threshold per type of activity for local risk monitoring and management. This should
be calibrated according to the bank’s risk appetite, possibly aligning the calibration on the Risk
Appetite Framework indicators.
A central threshold, specifically useful for the monitoring of banks with a diversified business
portfolio or for large banking groups, with a large array of business activities.

The central threshold should be used for the computation of the LC.
Following the latter point, each bank should define their own threshold(s) considering their type of
business/activity. Indeed, the operational risk tolerance of a given bank depends on its type of activity
and business portfolio.
Beyond the mere optimisation of the process of data collection, the definition of the de-minimis
threshold should ensure proper monitoring of operational risk at both local and aggregated level.

1.4. Discount factor & data comparability over time
Even though it improves the overall risk-sensitivity of the SMA methodology, the inclusion of internal
loss data to assess OR capital requirements may cause major difficulties (and even bias) in terms of data
homogeneity and comparability (see below § 2. Internal data collection).

1.4.1. Findings & general comments
According to CH&Co, when aggregating losses or provisions from various period of occurrence and
type, it is crucial to consider a discounting methodology to adjust loss amounts. Especially in the case
of the LC computation, where a 10-year loss data history is considered.
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CH&Co considered the following limitations:
- No discount effect or consideration of the FX impacts on loss amounts over time. Indeed,
loss amounts are computed in the SMA Capital formula regardless of their type (the underlying
of the loss amount) or economical context (especially considering non-euro loss amounts). Yet,
these can have a strong impact on the value to be considered when computing the losses amount
in the LC formula.
- No consideration of the type of losses or underlying of the loss amount. A loss amount, the
underlying of which is a cost of replacement of computers (or any asset that depreciates quickly
over time), will not have the same rate and speed of depreciation as a P&L loss or rogue trading
incident (cash amounts).
This is all the more detrimental and impacting when aggregating loss amounts over extensive period of
time. CH&Co suggests the Committee pays particular attention to the following points.
- The methodology for loss amounts depreciation/capitalization shall be precisely defined.
- Loss amounts expressed in different currency shall be comparable.
- The nature and underlying of the loss shall be considered to define the depreciation of the loss
amount over time. Indeed, the speed of depreciation for a given loss depends on its nature and
underlying and may impact differently loss amounts over time.
CH&Co also supports the suggestion shared by the banking industry pertaining the necessary adjustment
of loss and provision amounts considering the original jurisdiction and business line.
At the end of the day, the major objective of these suggestions is to enhance the accuracy of the amounts
computed in the LC over time and ensure a fair and comparable ground in the data loss history.

1.4.2. Solutions & proposed alternatives
1. Include loss data considering a discount factor over time
CH&Co’s premises
Each loss amount should be considered as an opportunity cost. That is as the benefit that could have
been gained in the present time (t ) from using the lost or provisioned amount caused by a given remote
incident or forecasted incident occurring in date t (where t < t ). This opportunity cost should be
expressed as a cash amount.
To estimate the equivalent cash amount to a given loss amount, we considered the loss or provision
amount should be discounted considering its economical context and reference date.
A good proxy for assessing the latter could be to apply discounting rates, respectively taking into account
on the reference date of the loss amount:
- A composite discount factor of the risk free rate (that is the bank’s spread) and the internal rate
of return of the bank, considering a loss or provision as a missed opportunity to invest in the
bank’s activities.
- The exchange rate, when considering non-euro amounts.
0

0

12

Formula
Where,
𝑡
is the date of accounting
𝑡Ó
is the date of actualization (considered as the latest quarterly closing date )
t>t
𝐼𝑅𝑅
stands for the Internal rate of return
𝑂𝐼𝑆
stands for the risk free rate
DF
stands for discount factor
13

0

𝐿𝑜𝑠𝑠(𝑡Ó ) = 𝐿𝑜𝑠𝑠(𝑡) ∗ 𝐹𝑋: (𝑡Ó ) ∗ 𝐷𝐹(𝑡Ó , 𝑡)

12

13

Date of accounting according to CH&Co starting assumption (cf. 1.)
CH&Co considers the SMA Capital is calculated quarterly, for each accounting closing period
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And where,

𝐷𝐹(𝑡Ó , 𝑡) = 𝑒 P(3U ,3)∗(3U ;3) ,

𝑡Ó > 𝑡

𝑅(𝑡Ó , 𝑡) = 𝑂𝐼𝑆(𝑡Ó , 𝑡 ) + 𝐼𝑅𝑅(𝑡Ó , 𝑡)
𝐹𝑋: (𝑡Ó ) = ù

1, 𝑖𝑓 𝑒𝑢𝑟𝑜 𝑎𝑚𝑜𝑢𝑛𝑡𝑠
𝑟(𝑡Ó ) = 𝐸𝑥𝑐ℎ𝑎𝑛𝑔𝑒 𝑟𝑎𝑡𝑒(𝑡Ó ), 𝑖𝑓 𝑛𝑜𝑡

The main objective here is to avoid any volatility effect due to FX (in the case of non-euro loss amounts)
or interest rates variations. These should not affect the valuation of LC and therefore of the SMA Capital
as it is illustrative of a past time. Furthermore, CH&Co believes this would be consistent with BCBS’
willingness to promote comparability between banks and stability of SMA Capital over time.
2. Consider the nature or underlying of each loss amount
The latter proposal does not take into account the nature of the loss amount. CH&Co suggests each loss
amount would be associated to a specific annual depreciation rate, adapted to its underlying and taking
into account the period of time between the reference date (t) and present date (t ) when the loss is
actualized.
CH&Co therefore suggests loss amounts from the data history to be depreciated over time; and then to
adjust the associated average total annual losses used in the LC computation. The idea is to consider that
a value of loss arithmetically decreases over time. It corresponds to weighting the losses by their
occurrence date (with a greater weight for the recent losses). An arithmetic or geometric average
calibrated on historical data losses could be considered or tested.
This methodology should be applied to each loss or provision amount, eligible to the computation of the
LC and composing the internal loss data history.
The main benefit of this method is the stabilization of the LC to avoid any jump in the formula due to
the 10-year rolling history, knowing that the older losses are less weighted over time.
0
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2. SMA Components | Review of the LC computation
In the following paragraphs, we will refer to the 3 following loss classes, defined in the CD:
–
–
–

Loss Class 1, where loss amount < 10 M€
Loss Class 2, where 10 M€ ≤ loss amount < 100 M€
Loss Class 3, where 100 M€ ≤ loss amount

2.1. Weighting methodology applied to internal loss data
CH&Co understand the LC as a weighted sum of the empirical averages of losses on observed events.
The 3 weighting coefficients are applied to each average amount depending on each defined Loss Class.
The Consultative Document specifies these weighting coefficients are calibrated from banks’ data
collected by the Committee for the purpose of the QIS exercise in 2015. These are therefore illustrative
of the banking industry situation as of 2015.

2.1.1. Findings & general comments
First of all, this specific point might be difficult to discuss as the weighting’s calibration is not explicit
in the consultative document.
However, the objective is to make sure that the calibration proposed by the Committee is sustainable
over time even if the depth’s history is increasing. In other words, the weighting methodology applied
to internal loss data should not be depended on the date of calibration. If so, the BCBS’s approach might
be point-in-time and subject to volatility’s impacts (a periodically recalibration of the coefficients could
be an acceptable solution).
Our statement is based on the assumption that losses’ amounts for operational risks are positively
associated with the economic circumstances (volatility on the financial markets for example). Even if it
remains to be proven, this hypothesis is essential to minimize capital charges’ volatility for a stabilized
financial market.
From CH&Co’s understanding, this point-in-time approach could be a bias in the LC computation.
Indeed, each bank’s operational risk exposure is directly impacted by the evolution and variations of the
economic environment and systemic risk over time (e.g. volatility on financial market).
Yet, the evolution of these key external factors will not be captured over time through a point-in-time
approach. The major detrimental effect would be an inconsistent weighting of the average loss amounts
per Loss Class, biasing the LC computation. This SMA Capital would in turn be irrelevant since it would
not be accurately reflecting the economic and financial reality.

2.1.2. Solutions & proposed alternatives
CH&Co believes the Committee should pay particular attention to the evolution of the external factors
mentioned above, and to their potential impact on the distortion of banks’ loss distribution profiles
compared to 2015.
As a consequence, the proposed through-the-cycle approach consists of a periodic review of the
weighting coefficients by the Basel Committee, to ensure these are representative of the banking
industry context and environment. The frequency of the review should be determined by BCBS.
The periodic review is illustrated in the formula by 𝛿f factors (in orange), representing the adjustment
applied to the corresponding weighting coefficient on the latest date of review for a given Loss Class i.
These adjustments could be negative or positive, depending on:
-

The variation of the systemic and idiosyncratic risks.
The evolution of the loss distribution profiles of banks, observed from the collected data by the
Basel Committee for this purpose.

These variations must be considered in view of the period of time since the latest review.
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The below formula illustrates both current point-in-time (in black) and suggested through-the-cycle
approach (in black and orange).

𝐿𝑜𝑠𝑠 𝐶𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡(𝑡Ó ) = (7 + 𝜹𝟏 ) ∗ 𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑡𝑜𝑡𝑎𝑙 𝐴𝑛𝑛𝑢𝑎𝑙 𝐿𝑜𝑠𝑠 𝑓𝑟𝑜𝑚 𝐿𝑜𝑠𝑠 𝐶𝑙𝑎𝑠𝑠 1
+ (7 + 𝜹𝟐 ) ∗ 𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑡𝑜𝑡𝑎𝑙 𝐴𝑛𝑛𝑢𝑎𝑙 𝐿𝑜𝑠𝑠 𝑓𝑟𝑜𝑚 𝐿𝑜𝑠𝑠 𝐶𝑙𝑎𝑠𝑠 2
+ (5 + 𝜹𝟑 ) ∗ 𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝑡𝑜𝑡𝑎𝑙 𝐴𝑛𝑛𝑢𝑎𝑙 𝐿𝑜𝑠𝑠 𝑓𝑟𝑜𝑚 𝐿𝑜𝑠𝑠 𝐶𝑙𝑎𝑠𝑠 3
Where 𝛅𝟏 , 𝛅𝟐 , 𝛅𝟑 are positive or negative coefficients depending on the shape of the variations observed
by the Basel Committee in the data collected.

2.2. Loss Classes definition
2.2.1. Findings & General comments
From its simulation and analysis of the LC per simulated profile and scenario (see exhibits), CH&Co
believes the Loss Classes defined in the CD are lacking in granularity, especially considering Loss
Classes 1 and 2, which basically contain the loss amounts composing the heart of a banks’ distribution
profiles. Intermediary Loss Classes should be defined between Loss Class 1 and 2 to improve the risk
sensitivity of the overall formula.
Indeed, gaps between the loss classes are significant as they put at a same stage different levels of losses.
The BCBS should set, according to the risk sensitivity and the data available in the previous QIS, an
optimum number of classes with more levels for lower amounts.

2.2.2. Solutions & proposed alternatives
The 3 Loss Classes defined in the CD (in orange) should be complemented with intermediary Loss
Classes (in grey) to be defined by the Committee according to the risk sensitivity and available data
from banks (QIS 2015). The Committee should pay particular attention to the following points.
Correlate the loss classes’ range with the loss amounts, meaning intervals between each Loss Class
would exponentially increase in line with loss amounts.
Define an optimum number of classes with more levels for lower amounts, especially in Loss classes 1
and 2 between 0M€ and 10 M€ and 10M€ and 100 M€ (as theoretically illustrated in the below figure
1).
This should promote a more risk-sensitive model considering specifically loss amounts above 10 M€
(that is to say, the heart of the distribution profile).
Figure 106 Illustration of the adjunction of intermediary Loss Classes to the existing
loss discretization
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Our understanding of the LC formula makes us believe that increasing the number of classes and the
regular revision of the weighting coefficients are crucial considerations in order to add more risk
sensitivity to the SMA methodology, by taking into account external elements and variations of different
risk profiles over time.
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3. Review of the SMA Capital formula
The SMA capital formula introduced in the CD is a function of the BIC (BI Component as an increasing
linear function of the BI) and the LC/BIC ratio through the ILM . CH&Co thinks that some
improvements can be made in order to make the model more robust to a substantial loss.
14

3.1. Findings & general comments
1. Pure backward-looking approach
As specified earlier, the calculation of SMA capital is solely relying on internal loss & revenues data
history. The SMA methodology is therefore purely backward-looking, as it does not include any futureoriented data, in terms of both BIC (e.g. projections of revenues) and the LC (e.g. projections of
operational risk exposure and impact on the loss distribution profile).
CH&Co believes the inclusion of projected losses and revenues could be a valuable adjunct to the current
methodology, in terms of both estimation of OR capital requirements and OR monitoring.
2. No consideration of the efficiency of the OR framework
Furthermore, the estimation of SMA Capital requirements relies only on a static approach, meaning
there is no dynamic consideration of the evolution of the LC compared to the BIC over time. There is
also no consideration of the efficiency of the OR framework in terms of risk mitigation and hedging.
Banks’ risk mitigation actions and continuity plans can be extremely costly and time-consuming, but
their efforts to mitigate their risk over time are not considered in this static approach, which only
considers a point-in-time estimation of SMA Capital requirements.
In theory and as stated in the consultation, the OR exposure (loss and provision amounts) shall increase
when the revenues increase and vice versa. As such, a constant decrease of the OR exposure when the
revenues are increasing should be illustrative of the efficiency of the OR framework.
The comparison of both year-on-year variations over a 3-year period of LC (as a proxy of losses and
provisions that is OR exposure) and BIC (as a proxy of revenues) could provide for a fair basis to reward
banks ‘efforts to improve the efficiency of their OR framework.
3. Weak considerations of the evolution of systemic risk
The model considers only the idiosyncratic part of the risk as it is solely based on internal data.
The lack of external data inclusion and stress-tests based on specific scenarios is an issue for an optimal
understanding of the variations of the systemic risk over time.
We suggest different ways to improve the SMA formula by including indicators of the efficiency of the
OR system and projections of the expected losses and their suitability (particularly based on external
and economic data).
The following proposals are based on rewarding coefficients, to be calibrated and added to the BCBS
SMA Capital formula.

3.2. Solutions & proposed alternatives
1.Introduce a rewarding factor, indexed on the efficiency of the OR framework
This proposal aims at offering a reward (reducing the overall SMA Capital amount) for banks
demonstrating the efficiency of their OR framework.
In this method, the objective is to incentivize banks to master the evolution and variations of their LC
and BI over time. CH&Co considers a 3-year period should be sufficiently robust to illustrate the
evolution of the efficiency of the OR framework and estimate the quality of the projection. Though, the
projection used to estimate the reward should be the projection over the next year (i.e. expected losses
estimated for year y+1 in year y).

14

where the ILM is expressed as a logarithmic function (see BCBS Consultative Document, §32 p.6)
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Theoretically, the efficiency of the OR framework is demonstrated by the capability of the bank to
manage their OR exposure (losses) in view of its volume of business (revenues).
This may be demonstrated in the 3 following situations, considering the comparison of year-on-year
variations of the BI (proxy for the revenues/volume of activity) and the OL (Observed Losses from Loss
Class 1 proxy for the heart of the loss distribution profile, that is to say any loss amount < 10 M€).
In the following part, CH&Co considers the use of a ratio based on low-severity (< 10 M€). This choice
is supported by the following key findings:
1

1. The quality of the daily operational risk management directly impacts the bank’s Expected Loss
(EL) over the period. Indeed, the efficiency of processes and controls enable to attenuate the
overall frequency or the average total loss amount usually observed within the business
perimeter of the bank.
2. The occurrence and severity of exceptional unexpected losses (UL) is considered independent
to the quality and efficiency of the OR framework.
From our understanding, a constant decrease of EL over time (related to the BI) is a proof of
improvements in the bank’s OR management and its risk profile. Thus, the estimation of capital charges
should include this idea if it is verified.
Premise
The total amounts of losses (OL , that is to say the sum of any loss amount < 10M€) are naturally
growing in line with the volume of activity or revenues (BI). Any situation where this relation is not
observed demonstrates the efficiency of the OR framework.
3. Situation 1: The revenues (BI) grew faster than losses (OL ) over the year.
4. Situation 2: Losses decreased while the volume of activity stagnated or grew.
5. Situation 3: In case of loss stagnation, a decreasing variation of the ratio is fully explained by a
strong stimulation of the business revenues and volume.
1

1

Methodology
To properly define the rewarding factor considering the above premise:
6. At the end of a given year y , each bank would consider the year-on-year variations of the
0

seTi
Ati

ratio over the past 3 years (i.e. from y to y ).
7. Then the bank would identify the year-on-year trends of each variation over the past 3 years.
0

-3

From CH&Co’s premises, if all these variations are strictly negative over the past 3 years, then the bank
should be rewarded on the SMA Capital at the end of y .
0

⎧
⎪

seTiU
AtiU

seTi1T

seTi1T

− At

i1T
seTi1¨

< 0

−
< 0
⎨ Ati1T Ati1¨
⎪ seTi1¨ seTi1b
−
< 0
⎩ Ati1¨ Ati1b
Definition of the first rewarding factor
CH&Co suggests the reward to be affected to 𝑺𝑴𝑨 𝑪𝒂𝒑𝒊𝒕𝒂𝒍 (𝒕𝟎) should be proportional to
𝟏 + 𝑪𝑨𝑹[𝒚1𝟑;𝒚𝟎 ] (𝒕𝟎 ), the compound annual rate of the ratio over the past 3 years.
That is to say, if:

seTi

This rewarding factor would then take into account the speed of the At ratio over the past 3 years and
i

proportionally reward the bank.
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Assuming:

𝑂𝐿0*U
⎛ 𝐵𝐼* ⎞
𝐶𝐴𝑅[*1b;*U ] (𝑡Ó ) = ⎜ 0 U ⎟
𝑂𝐿*1b
𝐵𝐼
⎝ *1b ⎠

0
| ~
F

−1

Where 𝐶𝐴𝑅[*1b;*U ] (𝑡Ó ) is a negative rate.
And,
y, t
respectively represent the year and corresponding date of computation (t should correspond
to the end-of-year account closing date).
y,y,y
respectively represent the considered 3-year observation period.
Finally, the SMA Capital formula affected by the first rewarding factor could be defined as follows:
0

-1

0

0

-2

-3

𝑆𝑀𝐴 𝑐𝑎𝑝𝑖𝑡𝑎𝑙 (𝑡0) = 110 + (𝐵𝐼𝐶 − 110) ∗ 𝐼𝐿𝑀 ∗ (𝟏 + 𝑪𝑨𝑹[𝒚1𝟑;𝒚𝟎 ] (𝒕𝟎 ))
As suggested later in this document , the Committee could consider to cap the effect of the rewarding
factor at its convenience.
15

2. Introduce a rewarding factor, indexed on the quality of the BI and LC projections
The SMA formula can be completed by a second rewarding factor to encourage the banks providing
robust projections in terms of their risk profile (forecasting quality process).
Premises
To be more precise, CH&Co believes the quality of OR projections for a given bank has a beneficial
effect upon its risk appetite. In other words, it is crucial that OR capital charges take into account the
quality of the projections and then of operational risk management (risk/capital adequacy).
CH&Co believes this should contribute to support the following points:
-

Ensure the quality of the operational risk appetite framework is sufficiently precise and efficient
(predictive accuracy).
Ensure the management of the bank is capable of integrating external factors in its projections
(adequacy of the strategic vision to the systemic environment).
Ensure the management of the bank is capable of properly anticipating its level of risk over time
(prospective efficiency).

Since CH&Co assumes that the accuracy of the projections is negatively correlated to the OR capital
requirements to cover the associated risks, then it seems necessary to include this aspect in the SMA
methodology.
Methodology
At the end of each year y, each bank would provide projections of their expected loss amounts belonging
to Loss Class 1 for the year to come y+1 (𝐸𝐿0*C0 ). This projection would then be compared at the end
of y+1 to the observed losses from Loss Class 1 (𝑂𝐿0*C0 ).
16

see § c. Introduce both rewarding factors
Estimated future evolutions of the operational risk exposure over time, that is to say the distortion of the loss
distribution profile in the future
15

16

135

© Global Research & Analytics Dept. | All rights reserved
Figure 107 Compared distribution profile of observed
vs. projected Loss Class 1 loss events

CH&Co suggests the Committee would define the second rewarding factor, using the data detailed
above, given by each bank, to estimate annually the difference between the expected losses from Loss
Class 1 to occur during year 0 (𝐸𝐿0*1T ) and the observed losses from Loss Class 1 during year 0 (𝑂𝐿0*U ).
The difference between the projection and the observed losses would serve as an illustration of the
quality of each bank’s projections for a given year. As a matter of fact:
-

-

The rewarding factor should be calibrated annually by the Committee and be indexed on the
calculated delta for each year.
The reward should only be activated if the delta for a given year is included in a confidence
interval where the bounds depend on the standard deviation of the projected losses.
• The coefficient for the confidence interval’s bounds (equals to 2 in the below
illustration) should be calibrated depending on the level of confidence required.
• CH&Co suggests to use a confidence interval of more or less 2 standard-deviations, as
defined below.
The Committee should define a maximum reward to limit the effect of the rewarding factor.

Figure 108 Description of the methodology and activation of the f rewarding function

Definition of the second rewarding factor
Finally, the SMA Capital formula affected by the second rewarding factor could be defined as follows:

𝑆𝑀𝐴 𝑐𝑎𝑝𝑖𝑡𝑎𝑙 (𝑡Ó ) = 110 + (𝐵𝐼𝐶 − 110) ∗ 𝐼𝐿𝑀 ∗ 𝒈 |𝑶𝑳𝟏𝒚𝟎 − 𝑬𝑳𝟏𝒚1𝟏 ~
Where g is the rewarding function following the characteristics described in the latter methodology.
The g rewarding function can take 3 values depending on the quality of the projection, that is the absolute
value of the difference between 𝑂𝐿0*U and 𝐸𝐿0*1T .
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-

Case (1): the delta is comprised in the confidence interval. The bank should be rewarded
proportionally to the quality of the projection/
Case (2): the delta is not comprised in the confidence interval. The bank should not be rewarded.

-

•𝑂𝐿0*U − 𝐸𝐿0*1T •

⎧
⎪ (1)

2𝜎

⎨
⎪ (2)
⎩
Where,
𝜎

1

if
if

•𝑂𝐿0*U − 𝐸𝐿0*1T •
•𝑂𝐿0*U

2𝜎
− 𝐸𝐿0*1T •
2𝜎

<1
>1

Standard Deviation of 𝐸𝐿0*1T

This alternative would use projections as a part of the EBA Stress Test (over a 3-year horizon,
considering the base case scenario) including internal and external data and scenarios, systemic risks
and GNP (Gross National Product) projections in order to have a global vision of the bank inside a
macroeconomic system.
The back-testing of the parameters is essential in order to validate the models by taking into account the
external risks. CH&Co then suggests considering a one-year scope as the aim of the bank is to calibrate
each year its capital requirement in order to hedge potential losses for the upcoming year.
However, some restrictions have to be made about this proposal: a strong ability to project a loss profile
is not an indicator of good hedging and mitigating of operational risk, but it gives an overview of the
bank’s ability of estimating its risk appetite through global considerations (internal, external data and
systemic risks are considered).
3. Introduce both rewarding factors
Regarding this diagnosis of the SMA formula, the CH&Co proposals remain independent, however it is
possible to combine them as long as the indicators’ impacts on the calculus are limited. The purpose of
our analysis is to consider other aspects like the OR system efficiency and to include it in the formula
by rewarding the banks which fill the criteria mentioned above, but under no circumstances do we
envisage a decreasing of the capital requirements that might prejudice the overall stability of the bank.

Where,
γ1 , γ2 ,

are weighting coefficients to be calibrated by the Committee in view of the impacts and
sensitivity of each rewarding factor on the SMA capital.

And,
y, t
𝑂𝐿0*U

is the year and corresponding date of SMA capital computation
are the observed losses from Loss Class 1 at the end of the year

𝐸𝐿0*1T

are the expected losses from Loss Class 1, estimated in y for the next year y

0

17

0

-1

𝐶𝐴𝑅[*1b;*U ] (𝑡Ó ),

17

0

is the compound annual rate of the ratio over the past 3 years

Here, t correspond to the end-of-year account closing date
0
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4.

Alternative method | Proposal of a calibration for the m factor

This part aims at bringing proposals to answer BCBS’ question 3, cited below.
What are respondents’ views on this example of an alternative method to
enhance the stability of the SMA methodology? Are there other alternatives
that the Committee should consider?

4.1. Presentation of the alternative method
In the consultative document, the Committee suggests to calculate the Internal Loss Multiplier through
an alternative method:

ILM =

seƒC(s;0)Atƒ

„⎯⎯⎯⎯† m

eƒC(Es;E)Atƒ eƒ→Ci

Where m is a factor to be calibrated.
The alternative method aims at replacing the SMA methodology in case of severe and low occurrence
probability losses (especially for the Loss class 3: amounts above 100M€). The Standardized approach,
described in the previous parts of this document, increases capital requirements for banks which had
extreme and infrequent losses in the past, via the weighting of the Loss Component. However, the
alternative mentioned restrains the evolution of the capital requirements by delimiting the ILM to an m
level.
Through our analysis and comparison of the alternatives, we distinguished two main issues at different
stages where the proposal of a different ILM function presents significant advantages:
The alternative method enables the stabilization of the impact of capital requirements in case of a severe
loss stress for a given bank. At the same time, it ensures an efficient risk-sensitivity by combining a
calibrated multiple of the BIC and LC (m factor).
In terms of the financial market, the new ILM calculus aims at minimizing the variations between similar
banks in case of an extreme loss shock.
However, the SMA methodology through this alternative is more conservative than the classic SMA for
eƒ
a bank profile where the Atƒ ratio is less than 1.
In view of this diagnosis, we believe that the m factor has to be calibrated according to:
-

The ability of the SMA formula to cover all the potential operational risks to which the bank
might be exposed.
The insurance of a stable financial market by decreasing the variability across banks in case of
extreme losses.

4.2. Calibration Methodology
4.2.1. Stand-alone calibration | Considering a given bank
Similar to the reviewed Standardized Measurement Approach defined by the Committee, the proposed
alternative method has to estimate precisely the capital requirements in terms of the Operational risk for
the upcoming year.
The main purpose of the Committee’s suggestion is to consider an alternative ILM function that might
limit the variability of the SMA capital in case of severe events.
To highlight this proposal, we consider two theoretical banks, Bank A and Bank B, respectively
described below in terms of BIC and LC:
- BI = 5 000 M€
- LC = 1 000 M€
- BI = 9 500 M€
- LC = 2 000 M€
A

A

B

B
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We simulate an extreme loss shock: LC is doubled between times t and t+1. This stress aims at
estimating the variations of the SMA capital related to the m factor equalizing both BCBS
methodologies (the reviewed SMA and the m factor alternative). The stressed scenario then indicates
the level of m to be considered by each bank in order to hedge this shock and to ensure the stability of
the SMA methodology.
Figure 109 CH&Co’s calibration of the m factor applied to 2 theoretical banks
(Bank A and Bank B)

For a given bank i (where i = A or B), the following points are considered:
-

Point C : Projection of the factor m related to the SMA capital considering the loss distribution
profile in time
Point C : Estimation of the capital requirements post-shock for the same m level as in time t
Point C : Projection of the SMA capital post-shock with an adjustment of the m factor in order
to equalize the initial and alternative ILM functions
i; 1

i; 2

i; 3

The projections below suggest that an adjustment of the m factor is essential in order to better estimate
the future losses that the bank will handle. In fact, if we consider that Bank B has calibrated its factor m
at an initial level in time t (point C ), but has witnessed an extreme shock with no readjustment of its
model between t and t+1 (point C ) the capital requirements will be under estimated by 47M€.
To provide a consistent calculus of the capital requirements, we recommend that banks adjust their factor
m each year based on the simulations of losses with high severity and low frequency. CH&Co considers
it sufficiently accurate to use external data and extreme scenarios to simulate these cases (consideration
of events defined by the Robustesse Group for the French banks for example). Thus, the variation of the
factor m between C and C is the adjustment that has to be considered regarding this specific scenario.
B;1

B;2

i; 1

i; 3

4.2.2. Global calibration | Considering banks across the European financial
market
The previous calibration methodology should be standardized by the Committee to homogenize for
similar banks’ profiles, the variations of OR capital requirements in case of an extreme shock. The idea
is to allow banks to adjust their m factor in a certain range given by the BCBS for a stable financial
market.
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3-step methodology
Step 1: Our proposal is based on the classification of banks per group considering their SMA capital
sensitivity for a similar scenario (LC is doubled in this case). This means that – in our proposal – the
Committee would analyse, for each bank, the distance between m factor before and after shock. The
greater the distance, the higher the sensitivity, and vice versa.
Step 2: Then, the projections of the cloud of points (level of the m factor related to the SMA capital)
before and after the shock will indicate the level of adjustment for each group.
Step 3: The Committee calibrates the m factor and defines a confidence interval (maximum and
minimum value of the m factor for a given group of banks). Each bank from the same group will have
to respect the interval and provide their data to calculate the m factor, so that the Committee can ensure
they stick to the required confidence interval.
We suggest that the Committee communicates each year the interval for the m factor per type of bank
in order to help banks in their operational risk management.
Calibration of the m factor for a given group of banks
CH&Co believes group of banks, classified in the first step, should be assigned with a m factor.
-

This m factor would be calibrated by the Committee for each group of bank, so as to be suitable
under any circumstances and to provide for a stable and risk representative amount of SMA
Capital for each and every bank.
In particular, if the financial market experiences an extreme shock, the m factor for a given
group of bank should be calibrated:
• to minimize the distortion effect on SMA Capital for each bank after shock
• but also to be representative of the shock and its impacts on each and every bank

From our understanding of BCBS’s objectives, CH&Co strongly believes the m factor should not simply
limit the maximization of SMA Capital in case of extreme shock. Yet, it should ensure the stability of
the SMA Capital for each group of bank on the long term and in any circumstances; in particular when
observed loss amounts are extremely high and spread throughout the financial market.
As illustrated below, the aim of this methodology is to find the proper m factor, the level of which will
ensure the allocation of the proper amount of capital requirement in case of extreme shock or not.
Figure 110 CH&Co’s calibration of the m factor considering a confidence interval per
group of banks
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5.

Outstanding issues

The following points are not directly related to the review of the SMA methodology. Yet, CH&Co seeks
to introduce fresh ideas when considering overall enhancements to operational risk management. The
following points illustrate the view of CH&Co, derived by engagement with experts and stakeholders
from within the financial services industry. They are considered relevant since the standardization of the
OR measurement approach should also involve the discussion of related topics.

5.1. Recognition of the risk-mitigation effect of insurance and hedging
instruments in the assessment of Operational Risk Capital Requirement
Why does the Committee systematically exclude the hedging effects of
insurance/reinsurance policies from the SMA capital requirements?
CH&Co proposals will only consider high-severity and low-frequency events, such as massive flood
and natural disaster or terrorist attacks. These specific events are part of the Unexpected Losses that can
badly hit a bank, and unfortunately there are few actions that can be taken to mitigate such risks. Banks
are already required to be prepared and define Business Continuity Plans to minimize the side-effects
(and not the original effects) of such events on their activity.
As the possibility to mitigate these specific risks are very limited, the Committee should enable banks
to take into account the hedging effect of instruments, such as insurance and reinsurance policies or even
cat-bonds. These hedging solutions are highly-regulated and have the benefit to cover loss amounts
when the insured risk occur. As a matter of fact, the risk exposure is already covered and should not be
integrated to the estimation of capital charge.
This suggestion is also based on the current opportunity for AMA banks to reduce their OR capital
charge to up to 20% . BCBS considered such policies had beneficial effects on the risk exposure, but
also and most importantly, on the quality of the OR framework and risk assessment.
Though it is interesting to note that, following BCBS’ decision to recognize the risk-mitigation effect of
insurance policies, even AMA banks have found it hard to get capital reductions from this in practice.
Furthermore, in insurance broking circles, AMA banks felt there is wide variation in the national
regulators acceptance of this.
18

5.2. Double accounting of the provisions
Why do both BI and LC include provision loss amounts?
In the CD, provisioned loss amounts are taken into account in both BI and LC computations.
Furthermore, provisioned amounts are weighted when computing the LC, whereas they are not in the
BI. Indeed, on the one hand, provisions are weighted according to severity (amount) and integrated to
the LC computation, whilst on the other, provisions are integrated to the BI as part of the other operating
expenses (OOE) in the Service Component. The most illustrative examples are the HR and legal
provisions.
The Committee should decide whether provisions should be considered as a component of the revenues
of the bank (and then included in the BI) or considered as part of the loss data history (and then included
in the LC).

18

See BCBS 181, Recognising the risk mitigating impact of insurance in operational risk modelling, October 2010
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Appendix 1 | Drivers of the SMA capital variations over time for a given
loss profile
Impact of BI variations assuming various theoretical scenarios

Impact of loss distribution: stresses applied to loss frequency and severity

142

© Global Research & Analytics Dept. | All rights reserved

Appendix 2 | Risk sensitivity of the SMA methodology through 4 theoretical
profiles
Description of the simulated cases

Evolution of the SMA capital
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Appendix 3 | Presentation of the alternative ILM function
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Can bitcoin's price be forecasted like any other asset?

Abstract
Since 2009, over 700 cryptocurrencies have been created. Bitcoin was the first
cryptocurrency and currently holds the highest market capitalization, around
$10 billion. This new asset rapidly attracted the interest of diverse investors
as its price moved from $0 in 2009 to over $700 in 2016. The very high
volatility leads to increasing speculation, and vice versa.
The main motivation for publishing this paper is to create a model able to
predict bitcoin’s price behavior or, more modestly, able to identify its future
values within a confidence interval. Such models exist today for other assets
and our thinking is to apply them to bitcoin.
To do so, we study the nature and characteristics of bitcoin and compare it to
other assets. Despite resemblances, we conclude that bitcoin is not identifiable
to any specific asset class. Thus, we implement a Time Series model, which
uses past values of a series to predict future values. In this context, the model
we build gives a value for tomorrow’s price of bitcoin thanks to the values of
the three preceding days. However, the high volatility prevents the model from
giving an accurate result.
Therefore, two other methods are considered to compute a more accurate
prediction. We analyze the correlations between bitcoin’s price and several
variables related to this cryptocurrency asset (i.e. market capitalization,
number of bitcoins in circulation, blocks details, mining information, number
of transactions, unique addresses, etc…). We finally find a high correlation
between the number of addresses and a combination of bitcoin’s price and the
number of bitcoin in circulation.
Consequently, we try to predict bitcoin’s price by predicting the number of
addresses and the number of bitcoin in circulation. We perform a linear
regression taking into account these 3 variables. On one side, the number of
bitcoin in circulation is almost predictable deterministically thanks to the
nature of bitcoin’s creation and mechanism. On the other, we apply a Time
Series model to the number of addresses. The results appear to be more
reliable when compared to bitcoin’s price, thanks to a lower volatility.
As mentioned earlier, the very high volatility of bitcoin make the results still
hard to exploit due. However, bitcoin’s volatility is forecasted, in the midterm,
to reach the same level as today’s current fiat currencies, which is rather
encouraging for the method used in this paper.
Thus, the main purpose of this paper is to better apprehend the behaviour of
bitcoin’s price. To do so, an overview of bitcoin’s mechanics and notably of
the blockchain technology is provided. Then, internal and external factors that
seem to influence the asset’s price are explained. Finally, the pricing method
mentioned above is presented and results are shown.

Keywords: bitcoin, cryptocurrency, pricing model, Time Series
JEL Classification: C1, G21, G28, G32
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Introduction
Bitcoin was created in 2009 and opened the way for a new world of cryptocurrencies. The technology
underlying bitcoin and many of these cryptocurrencies, often described generally as “blockchain
technology”, can be used in extremely novel ways, and bitcoin and many others are often viewed as
very attractive investments and serious alternatives to existing currencies and assets. The success is
undeniable as more than 700 cryptocurrencies have been created and market capitalizations continue to
grow.
This paper focuses on bitcoin since it is the most used and mature cryptocurrency. Bitcoin raises a lot
of interrogations and challenges due to its youth and disruptive technology. This paper starts by giving
an overview of bitcoin and blockchain technology. Then, a comparison with other asset classes is
presented to identify possible similarities or divergences. The final objective of this document is to
propose a pricing model for bitcoin. The comparisons ran before allowed us to choose between two
approaches: adapt an existing model, already used for another asset class, or create a new one, if it
appears that it is not possible to classify bitcoin into one existing class.
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1. Introduction to bitcoin
Bitcoin and cryptocurrency
Bitcoin was the first cryptocurrency. With around 10 billion dollars in September 2016, bitcoin currently
has the highest market capitalization of all cryptocurrencies.
A cryptocurrency is a digital currency that uses cryptography for security. Transactions and creation of
units are controlled by math and software run by users. Bitcoin was created after the publication of a
paper, by an anonymous group of individuals known under the pseudonym Satoshi Nakamoto. This
paper explains the workings behind bitcoin and its innovative blockchain that keeps the system safe. Its
blockchain allows anyone to have access to the entire history of transactions, and ensures the validity of
all transactions since the network previously approved them. For a transaction to be validated, it has to
be part of a block within the blockchain and each block can represent several transactions. In order to
add a new block to the existing chain, a cryptographic problem has to be solved by computers owned
by people called “miners”. This problem takes around 10 minutes to be cracked by the entire community
of miners. The difficulty of this problem prevents individual hackers from committing fraud since they
would have to replicate fake blocks from a previous point in the chain to insert malicious transactions.
An individual or group with less power than the network would simply not have the time to catch up
with the current chain that keeps increasing.

How are bitcoins created?
Bitcoin’s supply grows deterministically based on logic built into the open source software. Miners are
rewarded with a certain number of new bitcoin when they successfully add a block to the chain. The
amount of bitcoin per block is fixed but gets divided by 2 every 210,000 blocks. It started at 50 bitcoins
per block in 2009 and is currently at 12.5. The difficulty of the cryptographic problem miners are solving
is dynamic and adapts to the collective computational power of all the miners on the network so that the
solving period stays at approximately 10 minutes per block. The creation of bitcoin is therefore almost
predictable over time and the number of bitcoin will grow until 21 million. Thus, the “halving” of reward
happens every 4 years approximately.
The graph below shows the theoretical number of bitcoin in circulation over time from 2009 to 2040,
when the number of bitcoin will already be around 20.9 million:
Figure 111 Theoretical amount of bitcoins

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑏𝑖𝑡𝑐𝑜𝑖𝑛 = 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑏𝑙𝑜𝑐𝑘𝑠 𝑚𝑖𝑛𝑒𝑑 ∗

50
50
=
24
∗
6
∗
𝑑𝑎𝑦𝑠
∗
2f
2f
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With i incrementing by 1 every 210,000 blocks mined which corresponds to:
210,000
≈ 1458,3 𝑑𝑎𝑦𝑠 ≈ 4 𝑦𝑒𝑎𝑟𝑠
24 ∗ 6
The following graph shows that the reality is not far from the prediction:
Figure 112 Predicted vs. Real number of bitcoins

How to acquire bitcoins
There are several ways to buy bitcoin. As explained above, miners can earn bitcoin by adding a new
block to the chain. However, not everyone wants to or can mine. This section will focus on alternative
methods of acquiring bitcoin for more mainstream users. Understanding the landscape is very important
to get a sense of bitcoin’s demand.
Bitcoins can be bought or traded thanks to four main ways:
– Exchange platforms
– Face to face trades
– ATMs
– Selling goods/services in exchange of bitcoins
Exchange Platforms
There are two types of platform:
•

Real exchanges, like Bitfinex or Bitstamp, are just intermediary platforms between traders.
People can set limit orders to buy or sell bitcoin at a certain price. The exchange will match
buyers and sellers when conditions on both sides are met. However, traders have to come with
their wallet already created.

•

Brokerage platforms, like Coinbase or Circle, own bitcoins and fiat currency themselves, and
when someone wants to trade bitcoins they rather trade directly with the broker and not with
other traders. Obviously, such platforms are operating for profit and will sell bitcoin at a higher
price than they bought it for. However, they provide wallets to customers.
These platforms can show different prices for one bitcoin. The main reason is the difference in liquidity
between exchanges. For instance, in India or Nigeria, only a few bitcoins are sold each day while demand
is much larger. Thus, bitcoin’s prices shown by exchanges in these countries are often way higher than
prices on other platforms. The bitcoin market lacks market makers for now. Arbitrage is possible and
this shows the current immaturity of bitcoin.
Face-to-face trades
The best solution to get bitcoins, while being totally anonymous or with more customizable fees, is to
make a face-to-face deal with a local seller. Localbitcoins.com is the main website where such
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transactions are organized. There are security considerations for both buyers and sellers, especially if
the trade is a sizeable one: meetings are typically scheduled in busy public places, users have ratings
and feedbacks from previous trades visible by everyone, the website can be used as a third party to
secure the transaction, etc. Face-to-face meetings will likely require access to bitcoin wallets, whether
on a smartphone, tablet, or laptop, and live Internet to confirm the transaction. Some sellers may accept
payment through Paypal accounts, but most of them prefer hand-to-hand cash transfer to keep their
anonymity.
Bitcoin ATMs
Bitcoin ATMs are a relatively new concept and their number has been quickly increasing recently. Many
different vendors including BitAccess, CoinOutlet, Genesis Coin, Lamassu and Robocoin are
establishing ATMs across the world. Similar to a face-to-face exchange, but with a machine, one can
insert cash and scan their mobile wallet QR code and receive bitcoin. Exchange rates and fees can vary
widely based on location, operator, and more, and frequently range from 3 to 8% above the price on a
standard exchange.
Selling goods/services in exchange of bitcoins
Obviously, one can get bitcoin by selling goods or services in exchange of a certain amount of bitcoins.
More and more stores are now accepting payments in bitcoins and a few examples are given below.

Applications
Currency:
Criteria satisfied by a
currency

Bitcoin

Durable – needs to withstand ✔ since
everyday wear and tear
Portable – needs to be easily ✔
carried around
Widely accepted as a means ≈ More and more stores and companies accept payments in bitcoin
of payment – everyone in the
country must agree to accept it
as a medium of exchange
Stable in value – must be ≈ Its volatility tends to decrease
worth the same over time
Easily divisible – 100 cents = ✔ up until 10 bitcoin, a unit called Satoshi
$1.00
-8

Difficult to counterfeit – ✔ supposedly impossible to counterfeit thanks to blockchain
maintains confidence in the technology
currency

As we can see on the table above, Bitcoin fulfills almost all the requirements and so has become a
completely new mean of payment. As such, several companies have started to accept it in exchange for
goods and services. Most of them are e-companies like Paypal, Ebay, and Zynga, but more and more
traditional companies like Subway, Tesla, and Whole Food are also following the trend. Thanks to ATMs
and services mentioned above, it is now possible and easier to convert fiat currency into bitcoin and
bitcoin into fiat currency right in the streets. Bitcoin is therefore becoming an alternative to fiat money
when any kind of product needs to be bought. As expected, the number of bitcoin transactions per day
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has been growing over the years as shown on the graph below, partly because of the rise of bitcoin as a
currency.
Figure 113 Number of transactions in bitcoin per day

Safe-haven investments
Bitcoin is also seen as an investment like equities or commodities. Bitcoin’s price is subject to high
speculation, mainly due to the new blockchain technology behind it, and all the new possibilities it
opens. Undeniably, the safety and transparency of the transaction process makes bitcoin seem like an
attractive investment. Furthermore, despite’s 2016 performance this far for gold, the last 5 years saw a
price decrease. People are naturally looking for new safe-haven assets, and bitcoin appears to be one of
them. Some investors also interpret its limited supply as an assurance of price growth and buy bitcoin
now to capitalize. Nonetheless, its high volatility allows traders to play on its price in the short term,
and trading companies and platforms have therefore been created as we saw above.
“fuel” of smart contracts
Blockchain technology is not only used for cryptocurrencies. A rising application is for the distribution
of flexible software often called “smart contracts”. These contracts are made of computer code that are
shared and validated by all the nodes present in the network and can be used for any currency including
bitcoin. The safety and transparency brought by blockchain technology is great to have in the domain
of contracts. Once a contract is added to the chain, it is impossible to modify it without re-writing the
block. Furthermore, the different parties of the contract will undoubtedly honor their engagements, as
the contracts’ outcomes are often self-executed programmatically. An example of smart contract could
be: "If the stock price of company X reaches Y on date Z then send 100$ worth of bitcoin from
participant A’s account to participant B’s account”. Changes in contract terms due to participants’
temper or other factors are no longer possible once the smart contract is put into place on a blockchain.
The future of contracts is seen to probably be a mix between coded clauses ensured by blockchain
technology and paper satisfying the existing rules and laws of contracts.
Cryptocurrencies, like bitcoin, play the role of “fuel” of these smart contracts since they need this
medium of exchange to be executed. The most common cryptocurrency used for this application is
called Ethereum.
Shares of a community
Bitcoin is also attractive to investors willing to bid on a growth of the bitcoin community. Like a
company represented by shares, people can buy bitcoin hoping for an increase in the number of users
and uses. Indeed, the value of a network can be described by the Metcalf law. This law states that the
value is proportional to the square of the number of users. For bitcoin, we can use the number of unique
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addresses used in one day as a proxy of the number of users. The results are shown in the following
graph:
Figure 114 Application on bitcoin of Metcalfe law

The relation between market capitalization and number of addresses is not exact but the trend is
respected and can justify an investment today in view of a market growth in the future. This reasoning
applies also to other cryptocurrencies like steem used by Steemit, a social media platform where users
receive steems by creating content read by the community.
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2. Can bitcoin be classified within an existing asset class?
Bitcoin was birthed overnight without anybody expecting anything. But where does this disruptive
innovation fit into the existing asset classes? Is it similar to a company share, a new commodity, a realestate property, a currency, or anything else? Does it really make sense to invest in bitcoin? Even if
bitcoin is not the only cryptocurrency, the others are even younger and smaller and will not be used as
comparisons. Nevertheless, the market of cryptocurrencies is gaining in maturity and it is now possible
to define at least some characteristics of them and especially bitcoin.

Characteristics and behaviors of each asset classes
In this section, our purpose is to compare bitcoin to existing asset classes. To do so, we need to
understand what the main differences are between the asset classes and then try to match bitcoin’s
characteristics with them. As presented in Table 1, we have distinguished the asset classes with three
main criteria: the origin of returns, the volatility and the stock/storage aspects playing a role in the
determination of their prices. There are two main types of sources of investment returns: payoffs, coming
from the difference between the buying and the selling prices, and cash flows you may receive owning
the asset. Among the different classes, returns can come from one type or the other or both and they can
take a couple of forms. The volatility illustrates the level of risk of the asset and whether or not it can
generate high earnings. Finally, it is important to identify the ways assets are supplied and stored to
understand how changes in the broader economy may affect them.

Qualitative comparison between bitcoin and other asset classes
2.2.1. Source of investment return
Bitcoin does not distribute dividends or cash flows due to interest, which means that the only return is
the gap between the price at which you buy bitcoin and the price at which you sell them. Thus, bitcoin
cannot be exactly compared to stocks, bonds, cash equivalents, or even some kind of real estate asset.
In terms of investment returns, bitcoin is actually closer to commodities and currencies. The only return
you may get with an investment in commodities is a payoff when you sell/buy them, like bitcoin.

2.2.2. Volatility
The potential reward of an asset goes hand in hand with its volatility. We can sort the different asset
classes into four levels based on reward and volatility:
a)
b)
c)
d)

Cash equivalents: very few rewards and very low volatility
Bonds and real estate: few rewards and low volatility
Stocks and currencies: high potential rewards and high volatility
Commodities: very high potential rewards and very high volatility

Bitcoin is actually a very risky asset. If you had invested $100 in bitcoin in 2011, you would have earned
$100,000 in 2013, and there are very few assets with such an investment return on that short period of
time. However, the price got almost divided by two within a month in 2014. Bitcoin is undoubtedly very
volatile and offers high potential rewards. The closest asset class to bitcoin seems to be commodities,
but as we will see in the quantitative approaches below, even their volatilities are quite different.

2.2.3. Stock and storage
The number of bitcoins in circulation has a unique evolution. Whereas the stock of an asset can be
unpredictable, governed by states or companies, constant or increasing with various rate of growth, the
stock of bitcoin is deterministic and increases constantly until it reaches its maximum. Moreover, we
know that bitcoin’s supply is limited to 21,000,000 bitcoin, which should be achieved by 2140. This
amount of bitcoin has been fixed since launch. As a comparison, Gold also relies partially on scarcity to
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maintain its value, but it is not possible to determine its exact quantity in the future and its rate of
extraction.
The major difference with commodities is the digital nature of bitcoin. One major strength of
commodities is their tangibility. Investors trust more easily something they can see and touch whereas
bitcoins are series of numbers shared by a network. However, bitcoin compensates with the safety of
blockchain technology.
Furthermore, bitcoin is completely decentralized and does not depend on any government or company.
It cannot be directly affected by foreign policies or stock market changes.
Finally, this analysis of characteristics cannot assign a clear asset class to bitcoin. We thus need to
deepen our analysis by adding quantitative methods and comparisons.
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Table 18 Definition and Characteristics of each asset classes
Asset classes

Stocks,
Equities

Bonds

Currencies

Cash
equivalents

Real estate

Commodities

Bitcoin

Global definition

Source of investment return

Volatility

Stock and storage

A stock is an ownership in a corporation and
represents a claim on part of the corporation's
assets and earnings.
There are two main types of stock: common
and preferred. Common stock usually entitles
the owner to vote at shareholders' meetings
and to receive dividends. Preferred stock
generally does not have voting rights, but has
a higher claim on assets and earnings than the
common shares.

Payoff:
- Returns (positive or negative) from
increases or decreases in value
Cash flows:
- Returns from dividends paid to
shareholders (but dividends are not
systematically distributed even if the
company is in a prosperous period)

Volatility:
- Very volatile asset on short term

Stock:
- Fixed Supply

Examples of 5 years daily
volatilities:
CAC40 ≈ 42%
Apple ≈ 55%
S&P 500 ≈ 28%

Storage:
- No physical property

A bond is a debt investment in which an
investor loans money to an entity (usually
corporate or governmental), which borrows
the funds for a defined period of time at a
variable or fixed interest rate. Bonds are used
to raise money and finance investments,
projects or activities. Bonds used to have a
physical aspect like a bill but they are
computerized now.

Cash Flows:
- Returns from increases or decreases
in value of the underlying securities
due to changing interest rates
- Returns from interest paid on the loan
amount

Volatility:
- Value tends to fluctuate more
than cash but less than stocks

Stock:
- Supply determined by
governments and companies
needs

Currencies are different moneys used by
countries. They can be made of paper and/or
coins. They are used as a medium of
exchange for goods and services. Currencies
are the basis for trade.
A currency is issued by the central bank of its
country (the Euro is an exception). They can
be traded against other currencies. Most of the
time they are traded on the foreign exchange
market (FOREX).

Payoff:
- Returns (positive or negative) from
increases or decreases in exchanges
rates of acquired currencies

Volatility:
- Value tends to fluctuate more
than cash but less than shares

Cash equivalents ("cash and equivalents") are
one of the three main asset classes, along with
stocks and bonds. These securities are for
short-term investing. They have high credit
quality and are highly liquid. They include
U.S. government Treasury bills, bank
certificates of deposit, bankers' acceptances,
corporate commercial paper and other money
market instruments.

Example of 5 years daily
volatilities:
PowerShares International
Corporate Bond ≈ 18%

Storage:
- Physical (bearer bonds) and no
physical property (digitalized)

Stock:
- Determined by monetary
policies
- Produced by central banks

Examples of 5 years daily
volatilities:
EUR/USD ≈ 18%
GBP/USD ≈ 18%
USD/JPY ≈ 20%

Storage:
- Physical property
- Stored in banks and in
everyone’s wallet

Payoff:
- Returns from changes in interest rates
and exchange rate
Cash Flows:
- Returns from increases or decreases
in value of the underlying securities
due to changing interest rates
- Returns from interest paid on the
amount invested

Volatility:
- Value tends not to fluctuate
much

Stock:
- Supply governed by monetary
policies

Examples of 5 years daily
volatilities:
Eurogov French ≈ 5%
Eurogov Germany ≈ 9%

Storage:
- Physical (bearer bond) and no
physical property

Real estate is a land or a building property
including the natural resources, flora and
fauna, farmed crops and livestock, water and
minerals. Real estate does not only refer to
residential market, it can be grouped into
three broad categories based on its use:
residential, commercial and industrial.

Payoff:
- Returns from increases or decreases
in value
Cash Flows:
- Returns from income in the form of
rent
- Returns from property management
companies according to contracts

Volatility:
- Value tends to fluctuate more
than fixed interest and cash but
not shares over time

Stock:
- Cyclical supply

A commodity is a basic good used in
commerce. Commodities are often used as
inputs in the production of other goods or
services. Commodities are traded on an
exchange but they have to meet specified
minimum standards, also known as a basis
grade. Some of them can also be seen as
stores of value.

Payoff:
- Returns from changes in value of the
commodity (it could be due to the
difference between the price you pay to
the producer and the price of re-selling
to transformers)

Volatility:
- The most volatile of the existing
asset classes

Bitcoin is a digital currency created in 2009.
A decentralized authority, unlike government
issued currencies, operates bitcoin. There are
no physical bitcoins, they are only associated
with public and private keys.

Payoff:
- Returns from increases or decreases
in value

Example of 5 years daily
volatilities:
Dow Jones Real Estate ≈ 29%

Examples of 5 years daily
volatilities:
Silver ≈ 56%
Gold ≈ 36%

Volatility:
- More volatile than any other
asset mentioned above
Example of 5 years daily
volatilities:
Bitcoin ≈ 177%

Storage:
- Physical property
- Stored with deeds of property

Stock:
- Global supply increases but with
a non-constant rate of growth
- Regulatory governance affects
lightly the provisioning of
commodities
Storage:
- Physical property: malleability,
density, divisibility
- Mostly stored in banks safes
Stock:
- Increase of supply thanks to
mining
- Limited supply
Storage:
- No physical property
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Quantitative comparison
To improve our study we have implemented a quantitative approach involving calculations of
correlation coefficients and comparisons of prices between bitcoin and assets of each class. Firstly we
will calculate the correlation coefficients between bitcoin price and other assets like main stock market
indexes, US bonds or commodities. Then we will analyze the evolution of bitcoin price against the other
assets.

2.3.1. Correlation coefficients
In this section, we computed the correlation coefficients between bitcoin’s price and other assets. The
purpose is to see if bitcoin is behaving like another particular asset. As a reminder, the closer the
coefficient is to 1 (-1), the more positively (negatively) the two assets are correlated. Inversely, if the
coefficient is close to 0, the two assets are independent. If the coefficient is neither close to 0 nor close
to 1 or -1, we can conclude neither any relevant relations nor independence.
Below are the results of short-term (last 6 months) and long-term (since 11/2/2012) correlation
coefficients between bitcoin, stock market indices and US bonds commodities, and currencies.
Figure 115 Correlations with stock market indices

Figure 116 Correlations with US Bonds
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Figure 117 Correlations with Commodities

Figure 118 Correlations with Currencies

Unfortunately, as presented by the 3 charts above, the largest coefficient for long-term correlation
(absolute value) is with CAC 40 and is close to 0.5. Moreover, we noticed in the previous section that
bitcoin has some similarities with commodities but their long term correlations are not only negative but
also lower than 0.5 in absolute value.
However, some short-term correlations show more promising results. For instance, bitcoin is quite
negatively correlated with 10 years maturity bonds. Gold and CNY/USD have also pretty high
correlation coefficients with bitcoin. This paper does not address the following topic but it could be
interesting to try to predict the price of one of the assets just mentioned to predict bitcoin’s price
thereafter. The best results observed for short-term correlations are due to the recent price stabilization
of bitcoin compared to the variation that occurred in the past. The market is indeed more aware of this
new asset and thus the speculation decreased.
Finally the correlation results confirm the difficulty of approaching bitcoin like another existing class.
The next step in our quantitative study is to analyze the behavior of bitcoin price. If bitcoin evolves like
a particular asset in terms of volatility, walk and so forth, we could apply the same methodology to price
bitcoin than one already existing to price this specific asset.

2.3.2. Assets prices
After analyzing the correlations between bitcoin price and different assets prices from different classes,
we try to compare them on their price curves and way of evolving. We are not necessarily searching for
similarities in appearance but rather in the timing and intensity of peaks and collapses. If two peaks are
found in two different curves with the same magnitude at the same time, it means the two assets reacted
identically to probably the same event. We will measure the intensity of a peak or a collapse by the rate
between the price and the median price.
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Why choose the median and not the mean price? If an asset has a low volatility, then its mean and
median will be very close to each other. However if the asset is highly volatile its price may take really
outstanding values. Those values are rare so they do not really affect the median whereas they affect the
mean much more. Finally the price/mean ratio will not illustrate the real strength of the peak or the
collapse as well as the price/median ratio.
The following graphs represent the price/median ratio for bitcoin and other assets used for correlations
calculation.
Figure 119 Price/Median for bitcoin and Stock market indices

Compared to their median price, all stock market indexes present a ratio between 0.5 and 1.5, which
means that they were relatively flat around their median. However, bitcoin Price can present a ratio up
to 3.5 as well as down to almost 0. The huge peak bitcoin price has known shows that its behavior is
unique among the class of stocks.

Figure 120 Price/Median ratio of bitcoin and US bonds

Firstly it is clear that the shorter the bond maturity is, the more the interest rate can vary. Indeed, the
graphs shows that the highest ratio for 1 month maturity bonds was 10, the highest ratio for 3 months
was 7, the highest ratio for 6 months was 4 and so on. Finally the curve of bitcoin ratio is located in the
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middle and seems to have values of the same magnitude than 10 years or 2 years maturity bonds.
However, there are no significant peaks or drops at the same time that would imply a resemblance in the
behavior of bonds and bitcoin.
Figure 121 Price/Median ratio of bitcoin and Gold

Figure 122 Price/Median ratio of bitcoin and Crude Oil

Figure 123 Price/Median of bitcoin and Diamond

The comparisons of ratios between bitcoin and commodities confirm the results of correlation
calculations; it is hard to identify any peak in common between bitcoin and commodities. Furthermore,
there are not any increase or drop with magnitudes comparable to bitcoin’s peaks. Ratios of commodities
are up to 2 whereas bitcoin’s is up to 3.5 and is much more variable.
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Finally, we listed the “high” variations of the assets mentioned above between 12/01/2012 and
08/31/2016. Depending on the volatility of each asset, the variations were considered “high” when they
were representing at least 1%, 5% or 10% of the price mean, depending on the asset. Then, for each
variation, we studied the price of bitcoin on the same day and up to 2 days later.
For instance, the US bond 1 month varied 469 times by 10% or more during this period. On those 469
times, bitcoin’s price varied 209 times by at least 5% in the following two days. Please note that bitcoin’s
price varied 227 times by 5% or more during this period.
Even if most of the variations of bitcoin were preceded by a variation of US bond 1 month, half of the
“high” variations of the latter were not followed by such a move in bitcoin’s price. It is therefore hard
to determine relations between current assets and bitcoin.
Thanks to these qualitative and quantitative analyses, we conclude that bitcoin does not belong to any
existing asset classes. It shares some properties with commodities and currencies but its price, volatility
and dematerialized nature make it unique. Cryptocurrencies can therefore be defined as a new asset
class.
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3. Factors influencing bitcoin Price
Supply, Demand and Stock
Like any other asset, bitcoin’s price is determined by supply and demand. Meanwhile the stock of bitcoin
is almost known, supply and demand are very hard to analyze. One fact known about bitcoin’s demand
is that around 80% of the exchange between bitcoins and fiat currencies are with the Chinese currency
(Yuan).
Concerning the stock, the continuous and predictable creation of bitcoin should imply an inflation of the
asset. However, the market knows that the amount is limited to 21 million of bitcoin and so anticipates
a deflation that will occur when the limit will be reached. The fact that we can predict the non-constant
stock of bitcoin is one factor we may use when forecasting its price.

Game theory equilibrium
The bitcoin economy is based on blockchain technology and so depends on miners who validate
transactions by creating blocks and so imply the creation of new bitcoins.
The revenue of mining comes from bitcoin rewards and transaction fees. Being paid in bitcoin, it is in
miners’ interest to continue mining in order to ease the utilization of bitcoin by the community and so
encourage its use. However, as explained above, the rewards get halved over time and are set to reach
zero when the total number of bitcoin will stop increasing. On the other hand, mining has a cost since it
requires high computational power (hardware) and high electrical consumption. The last element to
recall is that the complexity of the cryptographic problem adapts to the computational power of the
community.
An equilibrium is therefore permanently reached between miners’ computational power and the cost of
mining. For instance, if the cost increases compared to the revenue (because of a halving or an increase
in electricity prices), the number of miners will decrease since this activity would not be profitable
anymore for some of them. Consequently, the network computational power will decrease and so will
the complexity of the cryptographic problem until mining stays profitable for the remaining miners.
The price of electricity has therefore a certain influence on the price of bitcoin since it can decrease
mining activity if it is too high and prevents transactions from being quickly validated. However, if these
variations remain acceptable, the mining process dynamically adjusts.
Finally, bitcoin rewards will ultimately reach zero. The only revenue for miners will then come from
transaction fees that are chosen by the users executing these transactions. Another equilibrium on these
fees will thus appear between users that need their transactions to be validated by miners and the latters
that need the community to use bitcoins in order to profit from the fees. It joins the result of the Metcalfe
law since the larger the community is, the greater the value of the network will be. Moreover, the fees
being indexed on transactions that are in bitcoin, they will adapt to the bitcoin price. All these factors
will therefore have to meet an equilibrium to maintain a well-working market.
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Security failures
The value of bitcoin relies on its safety as per the blockchain technology behind it. Thus, any security
failure or even any doubt impacts negatively the price of bitcoin. Below is a list of the major thefts of
bitcoins that occurred. They are then reported on the graph of bitcoin’s price over time. It is important
to note that the blockchain technology has never been hacked, and only the exchange platforms, wallets,
and smart contracts were. Nonetheless, most of the time these failures caused a drop in the bitcoin price.
Table 19 Historical bitcoins thefts
Date
2/8/2016
5/13/2016
7/4/2016
2/18/2015
2/16/2015
1/28/2015
6/1/2015
12/12/2014
10/19/2014
8/10/2014
11/3/2014
4/3/2014
2/3/2014
2/25/2014
2/13/2014
12/15/2013
11/29/2013
11/25/2013
7/11/2013

USD value stolen
66 000 000
2 000 000
230 000
690 000
1 750 000
230 000
5 100 000
101 000
3 208 412
300 000
782 641
64 990
738 240
700 258 171
2 600 000
800 000
6 009 397
1 200 000
4 370 000

Name
Bitfinex (exchange)
Gatecoin (exchange)
Shapeshift (exchange)
Kipcoin (exchange)
BTER (exchange)
796 (exchange)
Bitstamp (exchange)
Blockchain.info (wallet)
Mintpal (exchange)
Justcoin (exchange)
Cryptorush (exchange)
Poloniex (exchange)
Flexcoin (wallet)
Mt.Gox (exchange)
Silk road (marketplace)
Blockchain.info (wallet)
Picostocks (exchange)
BIPS (wallet)
Inputs.io (wallet)

Figure 124 Security failures
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Economic events
On the contrary, some events led to an increase of the price. Changes in monetary policy or incertitude
on currencies play in favor of bitcoin since some investors perceive it as a safe haven value. The table
below lists the last economic changes that had a positive impact on the bitcoin price. These events are
then showed on the price over time.
Table 20 Events linked to a rise in bitcoin’s price
Date
Events
10/15/2013 Silk Road shut down
5/15/2014 Coindesk’s services expansion
9/15/2014 Paypal accepting bitcoin payment
9/15/2015 China: currency devaluation policy
6/23/2016 Brexit
Figure 125 External events

Merchants accepting bitcoins
The number of merchants accepting bitcoin payments directly impacts the demand. Obviously, for
people to use bitcoins as a currency, they need stores to accept them. Merchants are therefore a necessary
condition for bitcoins to be used as a currency and the more they will accept this new mean of payment
the more people will consider using it. Note that an increase of merchants does not mean an increase of
price though (the price of a currency is supposed to be inversely proportional to its velocity according
to the exchange equation).
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4. Pricing methods: Time series
In this last section, we try to predict bitcoin’s price. Two methods are explained. The first one is a Time
series model applied directly to bitcoin’s price. To use very simple words, this model takes past values
of the series as inputs, the price here, and gives as output future values. The second approach uses the
same theory but with another series, the number of unique addresses per day. Indeed, a relation between
the bitcoin’s price, the number of bitcoins in circulation and the number of unique addresses is presented.
The forecast of the number of unique addresses therefore allows a prediction of bitcoin’s price. Finally,
this section presents a model aiming to predict the volatility of bitcoin.

ARIMA model
The purpose of this section is to apply the ARIMA (AutoRegressive Integrated Moving Average) model
to our data set representing bitcoin’s price in USD. This model is a generalization of the ARMA
(AutoRegressive Moving Average) model to non-stationary series. Thanks to two polynomials, one for
the auto-regression (AR) and the second for the moving average (MA), ARMA models help describe
and predict stationary stochastic process. The AR part involves regressing the variable on its own lagged
(i.e., past) values. The MA part models the error term as a linear combination of error terms that occurred
at various times in the past.
To apply it we are going to use the Box-Jenkins method. The first step is to transform the initial series
into a stationary series. Then, the parameters of the ARMA model are estimated in order to finally apply
the ARMA model and predict bitcoin’s price.

4.1.1. Transformation of initial time series
A stationary process has the property that its mean, variance and auto correlation structure do not change
over time. We can see on the following graph representing bitcoin price over time that this time series
is obviously not stationary. That is why we need to transform it before applying ARIMA model.
Figure 126 bitcoin's price in USD

The traditional methods to transform time series are logarithmic transformations, differentiations and
linear regression. The logarithmic transformation makes the series flatter, reducing the variance and the
auto correlation. Before applying a logarithmic transformation we have reduced the length of the series
by making it start in 11/2/2012. We decided to eliminate the previous period because the curve is almost
flat and does not give any relevant information (moreover it would have caused problems with the
logarithmic transformation). After reducing the length of the series and applying the transformation, it
still increases or decreases too much over time meaning that the mean is not constant. As there is no
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linear tendency, we applied a first differentiation on the logarithmic transformed series. The final result
is presented below:
Figure 127 Transformed series of bitcoin's price

4.1.2. Stationary test on the transformed series
Our transformed series has no longer a tendency neither to increase nor to decrease. Nevertheless, it is
important to ensure that the series is really stationary before applying ARIMA modeling. To do so we
dispose of a couple of tests.
Augmented dickey-fuller test (ADF):
The ADF test assumes that the residuals are not auto-correlated. This test is based on the following
hypothesis:
•
•

H0 : The series is not stationary
H1 : The series is stationary

The p-value of the test is smaller than 0.01 so we can reject the null hypothesis H0 and assume that the
series is stationary.
KPSS Test:
In econometrics, Kwiatkowski–Phillips–Schmidt–Shin (KPSS) tests are used for testing a null
hypothesis that an observable time series is stationary around a deterministic trend (i.e. trend-stationary)
against the alternative of a unit root. Contrary to most unit root tests, the presence of a unit root is not
the null hypothesis but the alternative. Additionally, in the KPSS test, the absence of a unit root is not a
proof of stationary but by design, of trend-stationary.
•
•

H0 : The series is stationary
H1 : not H0

The p-value of the test is greater than 0.1, so we do not reject the stationary hypothesis.
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Phillips-Perron Test:
Phillips–Perron (1988) tests if a variable has a unit root. The null hypothesis is that the variable contains
a unit root, and the alternative is that a stationary process generated the variable.
•
•

H0 : The series is not stationary.
H1 : not H0.

The p-value of the test is smaller than 0.01, so we reject the null hypothesis.
All tests lead to the same conclusion, we can assume the transformed series stationary and we will look
for the ARMA model that fits best the series.

4.1.3. Models identification
The purpose of this section is to determine the orders p and q for the AR part and the MA part as follows:
X + Φ X + ... + Φ X = ε + Ψ ε + ... + Ψ ε
t

1

t-1

p

t-p

t

1

t-1

q

t-q

With (Xt)t>t the transformed time series, (εt)t>t the error series and (Φt)t>t and (Ψt)t>t constant
coefficients. The primary tools to determine p and q are the auto-correlation and partial auto-correlation
plots. The sample auto-correlation plot and the sample partial auto-correlation plot are compared to the
theoretical behavior of these plots when the order is known. Let’s have a look at those two plots:
i

i

i

i

Figure 128 ACF and PACF plots of Transformed series

Usually we hope to get graphs with decreasing tendencies, when all values are into the blue lines
(confidence interval) we have found the orders. However on the above graphs we may notice a
seasonality. Unfortunately, it is hard to determine if the seasonality is a 5 or 6-day seasonality. Indeed,
whether we consider a 5 or 6-day seasonality, most of the times when a value is between the blue lines
then the value 5 or 6 days later will be too and same for values outside of the blue lines. The only way
to figure this out is to implement the two models. We thus apply one last transformation to the series,
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on the one hand a differentiation with a lag of 5 and on the other hand a differentiation with lag of 6.
Here you have the ACF and PACF graphs for the new series:
Figure 129 Lag 5 series ACF and PACF plots

Figure 130 Lag 6 series ACF and PACF plots

Finally, we identify the orders p and q. p is the last lag where the value of partial auto-correlation
function is significantly out of the blue lines (out of the confidence interval), by taking into account the
5-days and 6-days seasonality (respectively). We do the same for q but on the ACF graph and we add
one to the lag found. We conclude to an ARMA (0,1) model for the last series transformation.
Graph interpretations told us to choose an ARMA(0,1) model, but this conclusion needs to be strengthen
with criteria calculations reflecting the quality of the models. To do so, we will use the AIC (Aikake
Information Criterion) and BIC (Bayesian Information Criterion). These criteria reflect the quality of

170

© Global Research & Analytics Dept. | All rights reserved
the model; the models minimizing these criteria must be kept and tested. We have calculated the criteria
for p and q in [0:2], the results are in the following tables:
Table 21 AIC/BIC lag 5
AIC
p=0
p=1
p=2

q=0

q=1

q=2

-3626.66
-3624.68
-3622.69

-3624.68
-3622.68
-3620.69

-3622.69
-3620.69
-3618.69

BIC
p=0
p=1
p=2

q=0

q=1

q=2

-3616.19
-3608.97
-3601.74

-3608.97
-3601.73
-3594.5

-3601.74
-3594.5
-3587.26

We retain the three best models with the AIC criterion: ARMA (0,0), ARMA(0,1) and ARMA(1,0).
Table 22 AIC/BIC lag 6
AIC
p=0
p=1
p=2

q=0

q=1

q=2

-3673.72
-3677.08
-3675.95

-3677.34
-3790.7
-3673.95

-3675.94
-3673.94
-3671.94

BIC
p=0
p=1
p=2

q=0

q=1

q=2

-3663.24
-3661.36
-3655

-3661.62
-3769.75
-3647.76

-3654.99
-3647.75
-3640.51

We should retain the ARMA(0,0) model but it would imply that the prediction is totally random, so we
prefer to keep the models: ARMA(0,1) and ARMA(1,0).

4.1.4. Model validation, predictions and confidence level
As we had to choose between the 2 models retained, we had to analyze for each one the parameters and
their significance. The model with the most significant parameters was retained and it was the
ARMA(0,1) for the series lagged with 6. Indeed, the p-value of the parameter is 0.017423 and that leads
to the following model:
X = ε + 0.0649468ε
t

t

t−1

We now have to apply the inverse transformation to the series (Xt)t>t in order to come back to the
bitcoin’s price series.
Let’s assume: Y − Y = X . We want to get the predicted value of Y having Y ,Y ,...,Y . The only
information needed at time t is therefore X and so the value of ε . We assume that ε follows a normal
distribution N(0,σ ) so we can build a confidence interval around Y . Note that σ is computed thanks to
the known values of (ε ) .
i

t

t−6

t

t

t

t−1

t

2

t−2

1

t

t

t-i i>0

σ = 0.0638152

Y - Y = X = ε + 0.0649468ε ∼ N(0.0649468ε ,σ )
t

t-6

t

t

t-1

t-1

2

Y – (Y +0.0649468ε )
∼ N(0,1)
σE
t

t-6

t-1

We get the following confidence interval for Y :
t

σ×[ Y + 0.0649468ε•;0 – σq ; Y + 0.0649468ε•;0 + σq ]
t-6

0.975

t-6

0.975
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Below are the predictions of the transformed series (Y + 0.0649468ε•;0 ) and the bitcoin’s price.
t-6

t >T

Figure 131 Predicted and real values of the transformed series

Figure 132 Predicted and real values of bitcoin's price

The width of the 95% confidence interval, represented by high and low predictions, quickly increases
and the predicted values are not very close from the reality. The ARIMA model does not seem to work
on bitcoin price. It could be due to a couple of reasons:
-

Too high volatility
Non constant volatility

Thus, other ways have to be found to deal with bitcoin price series and two will be studied in the next
sections:
-

Try to find a relation between bitcoin price and data directly linked to bitcoin environment
Apply a GARCH model usually used to handle series with variable volatility

Relation between bitcoin price and number of unique addresses
4.2.1. Research of a relation with another indicator
After trying to fit an ARIMA model with bitcoin’s price, we realized that the behavior of bitcoin price
was not a good fit for that model. This type of model is more efficient with series with more regular
variations. We decided to look for a feature that would be correlated to bitcoin’s price and easier to
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predict. If found, we could predict this series and then get better bitcoin’s price predictions. Below are
the different types of features we studied:
-

Currency statistics (market capitalization, number of bitcoins in circulation, …)
Blocks details
Mining information
Network activity (transactions, unique addresses, …)
Blockchain wallet activity

Among those data, the number of unique addresses caught our attention.
Figure 133 bitcoin's price in USD

Figure 134 Number of unique addresses

The peaks identifiable on the bitcoin price graph can be found on the addresses graph too. It is not that
obvious though because they do not have the same intensity on both graphs and the tendencies of the
curves are not exactly the same. The correlation coefficient between bitcoin’s price and Number of
unique addresses is not very high (0.433). It can be explained by the fact that the number of unique
addresses has an increasing tendency whereas bitcoin’s price does not. This tendency can be mitigated
by using data with an increasing trend too. First, we will apply a logarithm to bitcoin’s price to soften
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its peaks as much as possible. For the same reason and especially its peak in 2014, we multiply it by the
number of bitcoins in circulation. Finally we have found out the following relation:
Correlation(log(BP)×𝐍𝐁𝟒 , NA) = 0.96
-

BP= bitcoin’s price
NB= Number of bitcoins in circulation
NA= Number of unique addresses
Figure 135 log(BP) × NB

4

4.2.2. Linear regression
The previous graphs suggest that the curves have similar tendencies. The highest values are 4 or 5 times
higher than the lowest, so the global variation rates are similar too. The next step is to determine a linear
relation between these two transformed series. We are going to apply a linear regression using the least
squares method to estimate the parameters:
Yt = β0 + β1Xt, with Yt =log(BP)∗NB4 and Xt =NA
Table 23 Results of linear regression
Coefficients
β0
β1

Estimate

Standard Error

p-value

3.609609E+28
8.148373E+23

1.39E+27
6.15E+21

<2E-16
<2E-16

Adjusted R

0.9263

2

We can judge the quality of a linear model by a couple of criteria, the significance of the parameters and
the adjusted R . Here, both p-values are very close to zero so both parameters are significant.
Furthermore, the adjusted R ("adjusted" to penalize the number of parameters) is almost equal to 0.93.
Theoretically, the adjusted R has to be as closest to 1 as possible but in practice a model is considered
good when the adjusted R is over 0.7, so our model is definitely relevant. The last step is to fit an
ARIMA model with the number of unique addresses series in order to predict the number of unique
addresses and so better predict bitcoin price thanks to the linear relation found above.
2

2

2

2
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4.2.3. ARIMA model on number of unique addresses
We applied the same methodology to fit an ARIMA model on the series of number of unique addresses
(logarithmic transformation and differentiation). We have found an ARMA(3,3):
AIC
p=0
p=1
p=2
p=3
p=4

BIC
p=0
p=1
p=2
p=3
p=4

Table 24 AIC/BIC ARMA of NA
q=0
q=1
q=2
q=3

q=4

-1576.95
-1770.53
-1827.58
-1880.12
-1950.82

-1974.71
-2023.12
-2021.36
-2035.43
-2055.72

-2019.93
-2021.24
-2019.25
-2059.9
-2070.09

-2024.53
-2023.38
-2032.3
-2232.17
-2089.86

-2028.01
-2031.25
-2161.88
-2234.97
-2231.56

q=0

q=1

q=2

q=3

q=4

-1566.47
-1754.8
-1806.61
-1853.91
-1919.37

-1958.98
-2002.15
-1995.15
-2003.98
-2019.03

-1998.96
-1995.03
-1987.8
-2023.21
-2028.15

-1998.32
-1991.92
-1995.6
-2190.23
-2042.68

-1996.55
-1994.55
-2119.94
-2187.8
-2179.14

X• = µ + β0 X•;0 + βE X•;E + βF X•;F + ε• + α0 ε•;0 + αE ε•;E + αF ε•;F
with (Xt)t>t the differentiated logarithmic transformation of the series .
i

The parameter β3 is not significant since its p-value is different from 0 in the table below. The
confidence interval is then given by:
[ X•r – σq ; X•r + σq ]
0.975

with X•r

0.975

= µ + β0 X•;0 + βE X•;E + βF X•;F + ε• + α0 ε•;0 + αE ε•;E + αF ε•;F

μ
β
β
β
α
α
α

1

2

3

1

2

3

Table 25 ARMA(3,3)
Estimate
P-value
0.001899
0.016988
1.2444
<2e-16
-1.005
<2e-16
0.00436
0.9119
-1.938
<2e-16
1.8349
<2e-16
-0.6899
<2e-16

The results above allow to give a prediction of the series studied, which is a transformed series of the
number of addresses. Figure 26 shows this prediction starting from 08/31/2016 and compares it to the
real values. Note that the predictions have been computed for each day by assuming that only the data
before 8/30/2016 were known.
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Figure 136 Predicted and real values of the transformed series

The inverse transformation was then applied to come back to the series of number of unique addresses.
Figure 137 Predicted and real values of the number of unique addresses

Finally, the predicted number of unique addresses and number of bitcoin in circulation were input into
the relation found thanks to the linear regression. This final step gives a prediction of bitcoin’s price
illustrated in the graph below:
Figure 138 Predicted and real values of bitcoin's price

The high and low predictions represent the 95% confidence interval.
Unfortunately, even though the tendencies are similar, the volatilities and the order of magnitude differ
significantly. Therefore, even if the linear regression is relevant, the prediction of bitcoin’s price thanks
to the predicted number of addresses is not very accurate and the confidence interval is very wide.
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GARCH model
We have systematically applied a differentiation to the logarithmic transformation of the series (log
ratio) in order to get a stationary series assuming the variance was constant. This assumption may not
be accurate and it can be interesting to take into account a variance evolving over time. Thus, this section
tries to predict the variance and does not focus on the price value in itself. The variance of a series
describes its potential variations (peaks, collapses or even stability) and this is exactly what we want to
know about bitcoin price. First and foremost we want to understand its behavior meaning its volatility.
To do so, we will implement a GARCH (generalized autoregressive conditional heteroscedasticity)
model on the log ratio series.

4.3.1. Description of GARCH model
A GARCH (generalized autoregressive conditionally heteroscedastic) model studies the variance of time
series. GARCH models are used to describe a changing, volatile variance. A GARCH model can be
used to describe a gradually increasing variance over time, or increasing variations during short periods
of time. GARCH models were created in the context of econometric and finance problems where it was
necessary to study increases (decreases) of investments or stocks per time period. Usually rather than
considering the originate series (Y ), we prefer to consider the log ratio series: log(X /X ) or the
proportion gained or lost during the last period : Y = (X − X )/ X . A GARCH model could be used for
any series that has periods of increased or decreased variance. This might be, for example, residuals
after an ARIMA model has been fit to a series. A GARCH(p,q) model uses values of the p past squared
observations and q past variances to model the variance at time t:
t

t

t

t

t-1

t-1

t-1

E
E
Var(y• |y•;0 ,…,y0 )= σE• =αÓ +α0 y•;0
+…+α• y•;•
+β0 σE•;0 +…+βS σE•;S

y• =μ+ε• with ε• ∼N(0,σE• )

4.3.2.

Implementation

In practice, a similar method to ARIMA model is used to identify the orders p and q. The only difference
is that the ACF and PACF graphs are generated from the series y•E and not y• . After determining
graphically the orders p and q, we use the AIC and BIC criteria and analyze the significance of the
parameters to find out the best model. Finally we have decided to retain the GARCH(1,1) and the model
obtained is:
E
σE• = αÓ +α0 y•;0
+β0 σE•;0

with αÓ = 7.464 × 10;ë
α0 = 2.109 × 10;0
β0 = 7.702 × 10;0
µ = 6.548 × 10;ì
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After implementing the model, we tried to predict the next 10 values of variance. The main purpose is
to see if the variance will skyrocket or will remain stable. The predicted values of σ of the 10 days
following 08/30/2016 are shown in the following table:
t

Table 26 GARCH Model predictions
Time
1
2
3
4
5
6
7
8
9
10

Mean Forecast (μ)
0.000654821
0.000654821
0.000654821
0.000654821
0.000654821
0.000654821
0.000654821
0.000654821
0.000654821
0.000654821

Standard Deviation (σ )
2

t

0.01971880
0.02135700
0.02285038
0.02422624
0.02550408
0.02669839
0.02782036
0.02887879
0.02988080
0.03083226

The predictions illustrate an increasing variance with a quite regular variation rate. However, this
predicted evolution is not strong enough to forecast an increasing tendency. We applied this model to
several different start date and the results are too different and far from reality to deduce probable trends.
In practice, such models can warn investors of future peaks of volatility. This method might be
interesting if bitcoin’s price stabilizes in the future making it easier to study.
Figure 139 Evolution of bitcoin’s volatility
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Conclusion of pricing models
Two models were presented in this section in order to predict bitcoin’s price. Both of them were based
on Time series theory.
The first one, applied directly on bitcoin’s price, gave a confidence interval with a cone shape, with a
quickly increasing width. We therefore tried to predict another variable highly correlated with bitcoin’s
price and easier to forecast. It provided a more constant confidence interval but with a very large width
immediately. These two models suffer from the high volatility of bitcoin. Nevertheless, they could be
interesting in a few months or years when the amplitude of variations will have decrease.
The very last part presented a method to predict this volatility thanks to a GARCH model. Once again,
we believe that such models could be useful in a near future to predict bitcoin behavior.
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Conclusion
As a conclusion, financial institutions have often put RWA density in the background. The composition
of the numerator, the calculation methods of which vary from bank to bank, could explain this mistrust.
Nonetheless, once its limits and constraints have been understood, it is possible to use this indicator with
ease, and its conclusions greatly increase in relevance. This ratio makes it possible to identify early on
– detection principle – European banks where the activity is more adversely affected by the
macroeconomic environment and / or by their investment strategies. Furthermore, RWA density proves
to be complementary to the solvency ratio, the combined analysis of which can reflect the banks’ Risk
Management philosophy – transparency principle.
Moreover, in a regulatory context aiming at harmonizing risk management practices, RWA density will
probably become increasingly popular since its major known weaknesses would be addressed (sharp
reduction in its sensitivity towards other internal risk parameters). In addition and from an internal point
of view, the sensitivity of the ratio makes it more responsive towards economic downturn scenarios –
anticipation principle. As a matter of fact, it could be used as a stress-testing tool.
Finally, now that the relevance of RWA density has been demonstrated, it could be strengthened if used
with other indicators: liquidity, profitability, solvency or risk management – complementarity principle
– so as to precisely interpret the strategies of financial institutions and provide fair grounds for
comparison from the investors’ point of view – comparability principle.
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